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Dear student 

This study guide will serve both the modules CMAS035 and CMAS046 in the “Programme for Teaching Mathematics in the FET Phase” for qualification code 70394.

The assignments for module CMAS035 consists of the theoretical aspects which are addressed in the guide. For this module, you will also be expected to design lesson plans, to teach the lessons, and to reflect on your lesson plans. The assignments for this module are laid out in tutorial letter 101 for CMAS035.

The module CMAS046 consists of one assignment, and a portfolio. The activities for the portfolio for CMAS046 are taken from this study guide. The Tutorial letter 101 for CMAS046 will give you instructions regarding the portfolio.

We wish you every success with your studies.
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How this module is structured
The module is divided into six units, each of which addresses various topics from a different perspective. Although the units can be studied separately, they should be read together to provide comprehensive understanding in the composition of this module. 

Unit 1: Exploring what it means to ‘do’ mathematics
This unit gives a historical background to mathematics education in South Africa, to outcomes-based education and to the national curriculum statement for mathematics. The traditional approach to teaching mathematics is then contrasted with an approach to teaching mathematics that focuses on ‘doing’ mathematics and mathematics as a science of pattern and order, in which learners actively explore mathematical ideas in a conducive classroom environment. 

Unit 2: Developing understanding in mathematics
In this unit, the theoretical basis for teaching mathematics – constructivism – is explored. Varieties of teaching strategies based on constructivist understandings of how learning best takes place are described. 

Unit Three: Mathematics in the FET Band
This unit takes you through the some basic concepts and misconceptions that teachers and learners have with respect to Mathematics in the FET Band.

Unit 4: Teaching through problem solving 
In this unit, the shift from the rule-based, teaching-by-telling approach to a problem-solving approach to mathematics teaching is explained and illustrated with numerous mathematics examples. 

Unit 5: Planning in the problem-based classroom 
In addition to outlining a step-by-step approach for a problem-based lesson, this unit looks at the role of group work and co-operative learning in the mathematics class, as well as the role of practice in problem-based mathematics classes. 

Unit 6: Building assessment into teaching and learning  
This unit explores outcomes-based assessment of mathematics in terms of five main questions – Why assess? (the purposes of assessment); What to assess? (achievement of outcomes, but also understanding, reasoning and problem-solving ability); How to assess? (methods, tools and techniques); How to interpret the results of assessment? (the importance of criteria and rubrics for outcomes-based assessment) ; and How to report on assessment? (developing meaningful report cards). 


[bookmark: _Toc225835694]The structure of the units
The unit consists of the following: 
· Unit outcomes.
· Content of the unit, divided into sections.
· A unit summary.
· Self assessment.
· References (sources used in the unit).
At the end of this guide you will find three articles, that is essential to read for a deeper understanding in Mathematics. 




i
[bookmark: _Toc207688349][bookmark: _Toc225835695]Unit One:	Exploring What It Means To ‘Do’ Mathematics 
[bookmark: _Toc225835696][bookmark: _Toc207688351]Outcomes of unit one 
Upon completion of unit one you will be able to:
· Discuss critically the thinking that the traditional approach to teaching mathematics rewards the learning of rules, but offers little opportunity to do mathematics.
· Explain the phrase ‘mathematics is a science of pattern and order’.
· Evaluate a collection of action verbs that is used to reflect the kind of activities engaged by the learners when doing mathematics.
· Construct a list of features of a classroom environment considered as important for learners engaged in doing mathematics.
· Think about appropriate and interesting activities to help learners explore the process of problem-solving through number patterns and logical reasoning.

[bookmark: _Toc207688352][bookmark: _Toc225835697]An introduction to mathematics education
The word ‘mathematics’ comes from the Greek word máthema which means ‘science, knowledge, or learning’; the word mathematikós means ‘fond of learning’. Today, the term refers to a specific body of knowledge and involves the study of quantity, structure, space and change.
Mathematics education is the study of the practices and methods of teaching and learning mathematics. Not only does the term mathematics education refer to the practices in classrooms, but it also refers to an academic discipline. 
Before we get into what it means to ‘do’ mathematics, let us have a brief look at the historical background to mathematics education. There have been so many changes in the curriculum and assessment in recent years that it is important to understand the context in which there has been the need for these changes.
[bookmark: _Toc204422295][bookmark: _Toc207688353][bookmark: _Toc225835698]The history of mathematics education
Mathematics is not a new discipline - it has been around for centuries. Elementary mathematics was part of the education system in most ancient civilisations, including Ancient Greece, the Roman Empire, Vedic society and ancient Egypt. At this time a formal education was usually only available to male children of wealthy families with status in the community.
In the times of Ancient Greece and medieval Europe the mathematical fields of arithmetic and geometry were considered to be ‘liberal arts’ subjects. During these times apprentices to trades such as masons, merchants and money-lenders could expect to learn practical mathematics relevant to their professions. 
During the Renaissance in Europe mathematics was not considered to be a serious academic discipline because it was strongly associated with people involved in trade and commerce. Although mathematics continued to be taught in European universities, philosophy was considered to be a more important area of study than mathematics. This perception changed in the seventeenth century when mathematics departments were established at many universities in England and Scotland.
In the eighteenth and nineteenth centuries the industrial revolution led to an enormous increase in urban populations, and so basic numeracy skills, such as the ability to tell the time, count money and carry out simple arithmetic, became essential in this new urban lifestyle. This meant that the study of mathematics became a standard part of the school curriculum from an early age.
By the twentieth century mathematics was part of the core curriculum in all developed countries. However, diverse and changing ideas about the purpose of mathematical education led to little overall consistency in the content or methods that were adopted. At different times and in different cultures and countries, mathematical education has attempted to achieve a variety of different objectives. At one time or other these objectives have included the teaching of:
· basic numeracy skills to all school pupils 
· practical mathematics to most pupils, to equip them to follow a trade or craft 
· abstract mathematical concepts (such as set theory and functions) 
· selected areas of mathematics (such as Euclidean geometry or calculus) 
· advanced mathematics to learners wanting to follow a career in mathematics or science. 
[bookmark: _Toc204422296][bookmark: _Toc207688354][bookmark: _Toc225835699]Mathematics education in South Africa today
At school level, mathematics is often viewed as empowering, and as a means of access to further education, and is offered at all grade levels. However, the level of success in mathematics education in South African schools is very low. In the 1998/99 repeat of the Third International Mathematics and Science Study (TIMSS – R), that was written by Grade 8 learners, South Africa was ranked last of the 38 nations who participated in the study for mathematics. This study included other developing countries. The South African learners scored the lowest across all five topics in mathematics. In the 2003 TIMSS study, South Africa was ranked last of 46 participating nations. This poor performance shows that the majority of South African learners in Grade 8 have not acquired basic knowledge about mathematics and lack the understanding of mathematical concepts expected at that level. This situation is compounded by a huge drop-out rate amongst learners and the fact that many mathematics teachers are not adequately qualified to teach the subject. 
Outcomes Based Education (OBE) was introduced into South African schools in 1994. The curriculum changes brought about by OBE are currently being implemented in the FET band in schools nationally. This means that schools have moved out of the old system where mathematics in secondary schools was offered at two levels, namely Higher Grade and Standard Grade. During this time many schools only offered Standard Grade mathematics while some schools did not offer mathematics at all. The new curriculum was implemented in grade 10 in 2006, and the first grade 12’s to write new curriculum exams will write in 2008. Within the structure of the OBE curriculum all schools now have to offer all learners mathematics up to Grade 12. The choice for learners will be between mathematics and mathematical literacy. Mathematics will suit those learners who wish to further their education in fields which require certain essential mathematical knowledge. Mathematical literacy provides an alternative which will equip learners with a more contextualised knowledge of mathematics related functions performed in everyday life. 
The performance data for the Senior Certificate examination in 2003 showed that:
· Less than 60% of all candidates chose to do mathematics as an exam subject at either the Standard Grade or the Higher Grade level.
· Approximately 35% of all candidates passed mathematics with only a small fraction of these passing on HG.
There are a number of reasons for South Africa’s poor performance in mathematics. 
South Africa is one of the most complex and heterogeneous countries in the world. Van der Horst and McDonald (1997) point out educational problems which all contribute to the current crisis in education in South Africa. Some of these problems include:
· the challenge of providing equal access to schools
· the challenge of providing equal educational opportunities
· irrelevant curricula
· inadequate finance and facilities
· shortages of educational materials
· the enrolment explosion 
· inadequately qualified teaching staff.
These problems imply that change is needed in the South African educational system.
[bookmark: _Toc204422297][bookmark: _Toc207688355][bookmark: _Toc225835700]Why is educational change needed in South Africa?  
According to Van der Horst and McDonald (1997), as a result of the divisions which existed during the apartheid era, learners were not always taught to appreciate the different aspirations and perspectives of people who were different, and many did not receive adequate educational and training opportunities during this era. This disadvantaged them greatly. This means that educational change must provide equity in terms of educational provision and promote a more balanced view, by developing learners’ critical thinking powers and problem-solving abilities. 
There is a need for a people-centred, success-oriented curriculum that will grant people the opportunity to develop their potential to the full. The new curriculum in South Africa attempts to adequately cater for these needs. The philosophy that underpins the new curriculum is that of Outcomes Based Education (OBE). 
What is outcomes-based education (OBE)?
OBE is a learner-centred, results-oriented approach to learning which is based on the following beliefs:
· All individual learners must be allowed to learn to their full potential.
· Success breeds further success. Positive and constructive ongoing assessment is essential in this regard.
· The learning environment is responsible for creating and controlling the conditions under which learners can succeed. The atmosphere must be positive and learning is active.
· All the different stakeholders in education such as the community, teachers, learners and parents share in the responsibility for learning.
This approach proposes a shift away from a content-based, exam-driven approach to schooling. Instead learners are required to achieve specific learning outcomes for different phases within each subject. Learner centred activities form an integral part of the new curriculum and the emphasis is on encouraging learners to be instruments of their own learning, whether they work individually or in groups.
Outcomes-based education can be described as an approach which requires teachers and learners to focus their attention on two things (Van der Horst, McDonald, 1997):
1. The desired end results of each learning process. These desired end results are called the outcomes of learning and learners need to demonstrate that they have attained them. They will therefore be continuously assessed to ascertain whether they are making any progress.
2. The instructive and learning processes that will guide the learners to these end results.
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Activity 1.1
	In the light of what you have read so far, reflect on your mathematics teaching and write answers to the following questions:
1	Write about your experiences as a teacher of mathematics. You should write about a page, describing at least one good experience and one bad experience.
2	Write a short paragraph saying why you have chosen to do this programme
3	Have you been aware of the importance of mathematics as a subject that can empower the learners in your classes?  If yes, say how you have tried to help them be empowered. If no, say how you might encourage them in the future.
4	Write a short paragraph summarising the key things you know about the  National Curriculum Statement (NCS) for the GET or FET curriculum, depending on the level at which you are teaching.
· What other course/s have you attended that relate to the new mathematics curricula?
· Do you have a copy of any of these curricula?  If yes, have you read it?  
· Do the other teachers at your school who teach mathematics know about the new curricula?




[bookmark: _Toc204422298][bookmark: _Toc207688356][bookmark: _Toc225835701]What is mathematics? People’s views
Most people acknowledge that mathematics is an important subject at school. However very few really understand what mathematics is about and what it means to ‘do’ mathematics. People often define mathematics as being about a collection of ‘rules’: arithmetic computations, mysterious algebraic equations or geometric proofs that need to be learnt in order to pass an examination. In general, people tend to feel that they are ‘no good at mathematics and that it is difficult’.
Such people often believe that:
· Mathematics requires a good memory
· Mathematics is based on memorisation of facts, rules, formulas and procedures
· You have to have a special brain to do mathematics 
· Mathematics is not creative
· There is a best way to do a mathematics problem
· Every mathematics problem has only one correct answer and the goal is to find THE answer
· Mathematics problems are meant to be solved as quickly as possible
· Mathematics is all symbols and no words
· Boys are better at mathematics than girls
· School mathematics is useless
· Mathematics is exact and there is no room for innovation, estimation or intuition.
Much of this restricted (even negative) view of mathematics stems from very authoritarian (which some people have called ‘traditional’) approaches to the teaching of mathematics. In such ‘traditional’ teaching, the teacher ‘tells’ or explains a mathematical concept or idea to learners. The teacher ‘tells’ the learners how to ‘use’ a mathematical idea in a certain way in order to get a correct answer. The learners then practise the method and rely upon the teacher to tell them the correct answers. This way of teaching produces a follow-the-rules, computation-driven, answer-oriented view of mathematics. Learners exposed to this way of teaching accept that every problem has only one solution and that they cannot solve a problem without being told a ‘solution method’ before hand. The ‘rules’  often do not make sense to the learners and there is little excitement in lessons, particularly if you cannot remember the rule!
Some students doing a Post Graduate Certificate in Education (PGCE) at a South African university were asked to define mathematics. This is what they wrote:
Jay
Mathematics is the solving of numerical problems using specific rules and laws. Certain methods are applied to solve equations and obtain an answer which is either definitely right or wrong.
Richard
Mathematics is a discipline which uses one’s cognitive abilities to solve numerical arguments. Mathematics deals with numerical properties of abstract ideas and physical things. Mathematics uses symbols to represent quantities and operations and functions. Operations manipulate numerical ideas and functions show the relationships between numerical ideas. Maths is an accepted method for interpreting the world. Maths is a universal language, maths is human numerical consciousness.
Jane
Mathematics is the means by which we get a hold on the real world and try to make sense of it. The emphasis in the phrase “doing mathematics” is on the verb “doing”. This is not an exercise in semantics but, on the contrary, a confirmation of the ability of mathematics to provide the ropes of measurement for a myriad of real life problems. In short, mathematics is constructed by society as a tool to handle the abstract as well as the concrete.
Mpho
Mathematics is part of everyday life, whether apparent or inconspicuous. 
Kelebogile
Mathematics is a group of concepts relating to numbers, patterns, shapes and their relationships or behaviour.
Thabo
Mathematics is the study of figures/numbers and how they are used in everyday life and their application to solve complex problems.
Refilwe
Mathematics is an idealised, abstract system of representation used to represent quantity. It is useful as it can be used to precisely model aspects of reality and make precise and accurate predictions. 

An alternative view of mathematics is that it involves ‘making sense’ of mathematical ideas, patterns and information. This is reflected in some of the student definitions that you have just read. That it involves ‘figuring out’ how to approach problems; about finding and exploring regularity in patterns and making sense of relationships; about finding patterns and order all around us, for example in art, in buildings and in music. This is the view taken by the new mathematics curriculum in South Africa.
[bookmark: _Toc204422299][bookmark: _Toc207688357][bookmark: _Toc225835702]How does the new mathematics curriculum define mathematics?
The introduction to the National Curriculum Statement (NCS) for GET and FET mathematics defines mathematics based on certain characteristics of the discipline:
· Mathematics enables creative and logical reasoning about problems in the physical and social world and in the context of mathematics itself.
· It is a distinctly human activity practised by all cultures.
· Knowledge in the mathematical sciences is constructed through the establishment of descriptive, numerical and symbolic relationships.
· Mathematics is based on observing patterns which, with rigorous logical thinking, leads to theories of abstract relations.
· Mathematical problem solving enables us to understand the world and make use of that understanding in our daily lives.
· Mathematics is developed and contested over time through both language and symbols by social interaction and is thus open to change.
This means that mathematics:
· Is something that people create or invent. They can discuss and argue about their creation and in the process reach a shared understanding of what it is;
· Enables creative thinking;
· Enables logical thinking;
· Is based on patterns that lead to abstract ideas;
· Helps us solve problems in the real world; 
· Helps us solve problems in the world of mathematics;
· Helps us better understand the world;
· Uses symbols and language to develop reasoning skills and to make meaning;
· Is always changing because the shared understanding reached may be overthrown or extended as the development of mathematics continues.
The NCS goes on to say how mathematics can help and empower learners and describes how the NCS can enable learners to achieve the critical and developmental outcomes for the discipline. It describes how the teacher and learners can ‘do’ mathematics in the classroom.
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Activity 1.2
	1	How do you experience NCS in your classroom practice?  Reflect on your own practices and explain how you apply the above principles/guidelines:
· Are we developing learners who are confident and independent thinkers?
· Are we working at closing the gap between the classroom and real life in all its complexity?
· How would you know whether or not the outcomes have been achieved in a lesson?
2	As a teacher of mathematics, there must have been occasions when you have wondered ‘What is mathematics?’
a	Write a paragraph saying what you think mathematics is.
b	Write a paragraph saying what you think mathematicians do.
c	Ask three people in your community (a learner, a teacher who doesn’t teach mathematics and another mathematics teacher) what they would answer to a) and b) above. Write their answers down.
d	Write a paragraph describing the similarities and differences between the responses you received in c).





[bookmark: _Toc207688358][bookmark: _Toc225835703]What does it mean to ‘do’ mathematics?
How would you describe what you are doing when you are doing mathematics? In the rest of this chapter we are going to explore what it means to ‘do’ mathematics. It is fine to come to this point with whatever beliefs were developed from your previous mathematics experiences. What we hope is that after you have worked through this unit you will have realised that it is not fine to accept outdated ideas about mathematics and expect to be a quality teacher. Combining the best of the old ideas with fresh ideas about teaching and learning will enable you to become a better quality mathematics teacher.
Fasheh’s (1982) description of the teaching of mathematics is very similar to that given by many learners:
· The classroom is highly organised.
· The syllabus is rigid.
· The textbooks are smartly fixed.
· Mathematics is considered as a science that does not make mistakes. There is one correct answer to every question and one meaning to every word and that measuring is fixed for all people and for all times.
· Direct instruction remains the dominating mode of teaching in mathematics.
In this approach to teaching the learners are not ‘doing’ mathematics. No wonder many learners find mathematics a dull and unstimulating subject.
The students who gave definitions of mathematics above were also asked to say what “doing mathematics” involved. This is what they wrote:
Jay
When you do mathematics you are looking at an equation and identifying which method or rule you will need to apply in order to solve the equation and then applying these rules in order to obtain the correct answer.
Dikaledi
Doing mathematics is the writing of those descriptions. It is the using of mathematical language, to write “poetry” underpinned with the rules of logic and reason which not only describes but also solves and reasons a problem, and is verifiable. 
Richard
When you do mathematics you analyse problems and use numerical methods to solve them. You apply definitions which are always true to reach reliable answers.
Akane
Doing mathematics amounts to mathematization of a real world problem, the provision of a solution to the problem, the explanation of the solution and the translation of mathematics into everyday language.
Mpho
Among other things one may do in mathematics, is data handling, spatial perception, data manipulation, formulae, interpretation of shapes and figures, estimation of distance, volume, area mass, to find a gradient, addition, subtraction, division and multiplication. A good mathematical mind is one that probes, questions and does not take all the content of text books without a proper dimensional analysis.
Thabo
When you do mathematics you do calculations, measurements, and estimations to actually solve a particular problem. The calculation done may solve problems like optimum amounts required to run the production process efficiently. When doing mathematics you can predict what the situation is going to be for a particular process. For example, looking at rate one may calculate projected figures for a product sale.
Refilwe
The process of doing mathematics involves representing the aspects of reality that relate to a certain problem in precise numerical terms. Mathematics can then be used to produce precise solutions that will be as accurate as the assumptions upon which your mathematical formulation was based.

These views show that the students who wrote them have been exposed to a range of different types of mathematics teaching styles, from the more formalised authoritarian to a more flexible constructivist approach. Spend a bit of time thinking about what each of them has said, and what this shows about the ways in which they have been taught mathematics.
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Activity 1.3
	Your classroom experience
1	Write down at least five ideas/viewpoints of your own about what it means to do mathematics. You should use only one minute to do this activity. Keep your list somewhere safe so that you can refer to it at a later date.
2	Reflect on your classroom practice in the light of the following questions. Is there a tendency in your mathematics teaching:
· to reward only formal knowledge?
· to memorize rules and procedures?
· to spoon-feed (facts, rules, procedure)?
· to devalue the learners’ own way of making sense out of their own experiences, intuition and insight?
· for learners to remain passive learners?


As you work through the rest of this study unit, you will be challenged to rethink and reconstruct your own understanding of what it means to know and do mathematics – so that learners with whom you work will have an exciting and more positive vision of mathematics. Doing mathematics (mathematization) will be eventful, compelling and creative.
Teachers need to have ideas about how to structure classrooms so that they can help learners develop. Since experience is a powerful teacher, it makes sense for learners to experience mathematical ways of thinking, reasoning, analyzing, abstracting, generalizing- all modelled on good instruction and doing mathematics (Evan & Lappan: 1994). Therein lies the challenge for South African mathematics teachers.
[bookmark: _Toc204422301][bookmark: _Toc207688359][bookmark: _Toc225835704]Contrasting perceptions of teaching school mathematics
The teaching of school mathematics is subject to the same pressures for changing practices as the teaching of other subjects. In classrooms across the world we see a continuum of practice ranging from a more traditional content- and rule-based approach in which teachers spoon-feed learners in the use of rules to get the “right answer” towards a more open-ended approach in which the process of learning is equally emphasised and in which children work in groups to find and talk about and sometimes find innovative solutions to real-life problems. There are probably times when the more traditional approach is appropriate and other times when the more open-ended approach is desirable. Outcomes-based education allows us to work across the continuum but many teachers will need to develop new teaching strategies to work within the more open-ended, problem-based end of the continuum. We must challenge ourselves to make mathematics an interesting way for learners to engage with and make meaning of their lived experiences now rather than pursuing mathematics as a compulsory subject for its own sake which might have some kind of benefit to them in the future.
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Activity 1.4
	The traditional approach: three simple examples
Three simple ‘problems’ (A, B, C) are given to you below 
1	Work through these problems
Problem A:
In servicing a car the attendant used 45ℓ of petrol at R4,25/ℓ and 2 tins of oil at R8,50 each.
What was the total cost for petrol and oil?
Problem B:
The world’s record for the high jump in a recent year was 1,87 metres.
On Mars, this jump would be 2½ times as high. How much higher in metres will it be?
Problem C:
John covers ½ of a journey by car, 1/3 of the journey by bicycle, and walks the rest of the way.
a)  What part of the journey does he cover by car and bicycle?
b)  What part of the journey does he walk?

	
	2	Indicate by means of a tick (  ) in the blocks given below which of the mathematical skills listed come to the fore for learners attempting each of these ‘problems’ using traditional approaches to unpacking and ‘solving’ the problem.

	
	Skills acquired by learners
	Problem A
	Problem B
	Problem C

	
	Computational skills
	
	
	

	
	Using correct order of operations
	
	
	

	
	Formulating expressions as a mathematical model
	
	
	

	
	Estimation to assess reasonableness of answer
	
	
	

	
	Problem-solving thinking skills
	
	
	

	
	Investigatory skills
	
	
	

	
	Exploration of rules and logical thinking
	
	
	

	
	Self-discovery
	
	
	

	
	Now do the following.

	
	1	Indicate whether the three problems (A, B, C) are typical of the stereotypical traditional way of questioning learners in South Africa.
2	Refer to the skills mentioned above and explain your response briefly.
3	What skills should we teach our learners now in order to prepare them to cope with the 21st century?
4	Make recommendations to your colleagues on the skills we should teach in mathematics.



[bookmark: _Toc207688360][bookmark: _Toc225835705]Mathematics as a science of pattern and order
Van de Walle (2004: 13) uses a wonderfully simple description of mathematics found in the publication ‘Everybody counts’ (MSEB :1989):
Mathematics is the science of pattern and order.
This immediately challenges the popular social view that mathematics is dominated by computation and rules that learners need not understand but must apply rigorously. As a science, mathematics is a process of figuring things out (formulating number patterns, investigating, exploring, conjecturing, generalising, inducing, deducing, etc.) or in general, making sense of things.
Van de Walle (2004: 13) continues :
Mathematics is, therefore, a science of things that have a pattern of regularity and logical order. Finding and exploring this regularity or order and then making sense of it is what doing mathematics is all about.
The stereotypical traditional view emphasizes procedures and the solving of routine problems, with teachers showing and telling while learners listen and repeat. 
The more progressive constructivist and OBE view is that of the learning of mathematics as a process (irrespective of the content material), emphasising meaningful development of concepts and generalisations, increasing the prospects of real problem-solving, open enquiry and investigation – characterised mainly by teachers challenging, questioning and guiding, with students doing, discovering and applying.
These views could be seen as extremes on a continuum. Teachers would locate themselves at a whole range of positions along this continuum, possibly tending more to one extreme than the other, but incorporating ideas from both sides in accordance with their belief and understanding of how one should teach mathematics in a meaningful way.
If learners do not understand how things work or have not achieved a proper conceptual understanding – that is they cannot see the pattern and order – they could make computational errors. These errors may be the result of different things, including simple carelessness, errors or incorrect understanding and misconceptions. Learners may think they are doing the right thing, based on a concept they have which they think is correct but it is actually incomplete or incorrect. Some examples of this are given in the next activity.
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Activity 1.5
	Computational errors and misconceptions
Learners make what appear to be computational errors as a result of a lack of understanding of how things work. Here are a few examples:
Computational/notational/conceptual errors
a	
b	(a + b)2 = a2 + b2 
c	2a > a 
d	am + an = a m+n
e	a  a = 2a 
f	= ±3
1	Write down from your own experience a few more examples in which learners make computational errors as a result of a lack of understanding (misconceptions) of how procedures or rules actually work. Consult with other teachers of mathematics.
2	Discuss this with your colleagues and explore solutions to these problems.
3	Suggest the teaching strategies an innovative teacher could use to avoid such misconceptions from developing in learners.
Note:	We encourage you to discuss this with your colleagues – we can learn a lot from each other.



[bookmark: _Toc204422303][bookmark: _Toc207688361][bookmark: _Toc225835706]‘Doing’ mathematics
Engaging in the science of pattern and order requires a good deal of effort and often takes time. This effort is well worth while, because of the quality of learning that it facilitates. It is more desirable that learners understand and are able to use the learning rather than merely seem to do so by answering artificially constructed ‘test’ questions. The next activity will illustrate this. 
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Activity 1.6
	Problem-solving: number pattern activity
Try out the activity, if you can, with one of your classes. 
Reflect on the method and solution given in this activity to the following problem:
Ten cities in South Africa need to be directly connected to all other cities by a telephone line. How many direct connections are needed?  (Paling & Warde: 1985).
One approach would be to follow the three steps given below – but you are at liberty to use any other problem-solving techniques. If you try this problem out with one of the classes that you are teaching, it will be interesting for you to observe the different strategies that your learners use. Remember not to guide them too closely, let them think the question through and think of how to go about drawing it up and finding the solution.
Step 1: UNDERSTAND THE PROBLEM: e.g. three or more cities are not situated in a straight line. What do we need to do about it? We need to make sure that every one of the ten cities is connected by a line, which we will use to represent a telephone connection.
Reflection: To carry out this step the learners need to have the language skills to read and interpret the problem, they need to be able to visualise the problem, and then use their mathematical knowledge to move into the next step in which they represent the problem symbolically and numerically.
Step 2: DEVISE A PLAN: Reduce the problem to simpler terms –start with one city, and then two cities, three cities and so on.
Reflection: To carry out this step the learners need to use their mathematical knowledge to think about how to represent the problem symbolically and numerically. Here learners also need to use strategic reasoning. The idea to develop a pattern by building up the number of cities from one, to two, and then three, and so on, is essential to the solution to this problem. This is where we see the pattern element of the problem coming through.
Step 3: CARRY OUT THE PLAN: Use drawings and write down a sequence to establish the pattern, formulate conjectures, test conjectures and generalise.
Using drawings, as shown on the next page:

		Number 
of cities
	1
	2
	3
	4
	5

	Drawing
	

 (
A
)


	 (
A
B
)
	 (
A
B
C
)
	 (
A
B
D
C
)
	 (
A
B
D
C
  E
)

	Number of connections
	0
	1
	3
	6
	10

	Establishing
a pattern (rule)
	0
	0 + 1
	0 + 1 + 2
	0 + 1 + 2 + 3
	0 + 1 + 2 + 3 + 4

	
	

	

	

	

	





	Reflection: To carry out this step the learners need to use their mathematical knowledge to represent the problem. Here they will use procedures and skills that they have been taught, but they will need to reason about the way in which they apply this knowledge. They will think about doing drawings of the first few cases, but as soon as they can see that there is a pattern emerging, they need to analyse the nature of the pattern. They can base their final solution on the basis of this pattern, by using the same reasoning to find the total number of connections of 6 cities, 7 cities..., and finally 10 cities. (Use drawings and test your conjecture/rules). When they do this, they are moving onto the next step.
Step a: EVALUATE AND EXTEND THE PLAN FOR n CITIES: If there are n cities how many connections will there be?
Let us use a simpler example again.
 (
A
B
D
C
)For 5 cities
Each city will be connected to 4 other cities 
i.e. (5  1) = 4




	
	There will be five such cases i.e. from A, B, C, D and E. 
From this we have 5 (5  1) connections
The connection from A to C is the same as C to A.  
This is the same for each case. So divide by 2.

 (
A
B
D
C
E
)We therefore get  
Now write down the number of connections for n cities.

This would give us     as a formula to work out the number of connections between n cities.

For 10 cities we therefore get  
Reflection: The solution of this problem illustrates the idea that mathematics can be seen as the “science of pattern and order”. The pattern was established though drawings made of the connections between up to five cities. Using the drawings, a numeric pattern could be established, which could be used to work out how many connections there would be between ten cities. Learners will not all follow the same steps, or carry out the steps in the same order. As the teacher, you need to be flexible, and follow the learners’ thinking. You need to probe and guide, without leading too explicitly, so that the learners are able to make connections and develop their mathematical understanding, in short, so that they can be involved in “doing mathematics”.



Does the process of ‘doing’ mathematics (mathematising):
· Provide a real problem-solving situation?
· Encourage enquiry, exploration and investigation of numbers?
· Stimulate the learning of regularity and order of numbers?
· Require the teacher to guide and pose thought-provoking questions?
· Involve the learners in actively doing mathematics and discovering rules?
Perhaps you are wondering after working through that rather complex example, what mathematics teachers are supposed to do about basic skills? For example, you may be asking, don’t learners need to count accurately, know the basic facts of addition, multiplication, subtraction and division of whole numbers, fractions, and decimals and so on?
The fact is, that when we teach an algorithm in mathematics (like long multiplication) and then give learners exercises to do in their books, our learners are not ‘doing’ mathematics. This doesn’t mean that teachers should not give learners this kind of exercise, which is simply drill-work, but that drill should never come before understanding. 
Repetitive drill of the bits and pieces is not ‘doing’ mathematics and will never result in understanding. Only when learners are capable of making sense of things by ‘doing’ mathematics in the classroom, are they being truly empowered.
[bookmark: _Toc204422304][bookmark: _Toc207688362][bookmark: _Toc225835707]The verbs of doing mathematics
Farrell and Farmer in Systematic Instructions in Mathematics (1980) state that: 
Mathematics is a verb, as well as a noun. 
Two questions arise from this statement:
1. What do we do when we mathematise? 
1. What do we obtain? 
Mathematics is about processes (expressed in ‘doing verbs’) and it is also about products (expressed by nouns). In the table below a few examples are given. 

	Processes of Mathematics
	
	Products of Mathematics

	Generalising
	
	Formula

	Computing
	
	Theorem

	Assuming
	
	Definition

	Solving
	
	Axiom

	Proving
	
	Corollary

	Testing
	
	Concepts (number etc.)



What verbs would you use to describe an activity in a classroom where learners are doing mathematics? Here is a list of verbs that can be associated with doing mathematics: 
explore	represent	use
predict	solve	construct
justify	verify	explain
investigate	discover	justify
conjecture	develop	formulate
Study these verbs carefully – they describe what action or behaviour is expected from the learners when doing the classroom activity. If you look closely at the words, you will see that they are all action words that indicate that learners engaging in such activities would be actively involved in making sense and figuring things out. Learners cannot be passive observers and listeners when they are doing mathematics.
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Activity 1.7
	The verbs of doing mathematics
1	Reflect on the collection of ‘action verbs’ above. Do these verbs clearly indicate the type of action required of the learner during the process of mathematising?
2	Study the NCS for a grade to which you are currently teaching mathematics. 
3	Are the Assessment Standards expressed in terms of the action verbs?
4	Make a list of the verbs that you find in the Assessment Standards.
5	Do these verbs clearly indicate the type of action required of the learner during the process of mathematising?
6	Give an example of a mathematical activity that demonstrates the action involved in each of these verbs.



Now that you have more understanding of what it means to do mathematics and the processes involved, you might like to take another look at Activity 4. 
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Activity 1.8
	Action verbs used to identify the process skills in mathematics
1	Work through Activity 1.6 again.
2	Use appropriate action verbs to write down three mathematical process skills that learners could actively acquire through the problem-solving activity in 
Activity 1.6.
Begin with:  The learners should be able to ……………



[bookmark: _Toc204422305][bookmark: _Toc207688363][bookmark: _Toc225835708]What is basic mathematics?
What is ‘basic’ in mathematics is always a matter of public discussion and debate. Is it 
· mastering the basic operations?
· demonstrating achievement of the Learning Outcomes for mathematics (in the NCS)?
· becoming mathematically literate?
· recognising that mathematics is a part of human creative activity?
A simple challenge, no matter what position you take on this question, is that mathematics must make sense.
The implications of this statement are:
· Every day learners must experience that mathematics makes sense.
· Learners must come to believe that they are capable of making sense of mathematics.
· Teachers must stop teaching by telling and start letting learners make sense of the mathematics they are learning.
· To this end, teachers must believe in their learners – all of them!
This is a profound challenge – mathematics is for everyone without exception. Everyone has to learn that mathematics makes sense and to make sense of mathematics.
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Activity 1.9
	What is basic mathematics?
Van de Walle (2004:15) says
All learners are capable of learning all of the mathematics we want them to learn, and they can learn it in a meaningful manner that makes sense to them if they are given the opportunity to do so
1	Do you agree with Van de Walle’s position on what he considers basic in mathematics?  Do you find it realistic or revolutionary?  Discuss your opinion with your colleagues.
2	What do you think Van de Walle would say about OBE and its Expanded Opportunity Assessment Strategy (projects, investigations, group-work, oral assessment, peer-assessing and so on)?
3	What do your learners think is basic in mathematics? Ask them, and then compare their ideas with yours.


[bookmark: _Toc204422306][bookmark: _Toc207688364][bookmark: _Toc225835709]An environment for doing mathematics
It is the job of the teacher to ensure that every child learns to do mathematics, but for this there has to be the right environment. 
An environment for doing mathematics is one in which learners are allowed to engage in investigative processes where they have the time and space to explore particular cases (problems). Then they can move slowly towards establishing, through discovery and logical reasoning, the underlying regularity and order (in the form of rules, principles, number patterns and so on).
Learners can create a ‘conjecturing atmosphere’ in the classroom if the teacher provides appropriate tasks and promotes learner thinking and discussion around these tasks. This atmosphere is one in which the rightness or wrongness of answers is not the issue, but rather an environment which encourages learners to make conjectures (guesses) as to the regularity (sameness) they see and to discuss these conjectures with others without fear of being judged wrong or stupid, to listen to the ideas expressed by others and to modify their conjectures as a result.
The mathematical processes involved in doing mathematics are best expressed by the action verbs. They require reaching out, taking risks, testing ideas and expressing these ideas to others. (In the traditional classroom these verbs take the form of: listening, copying, memorising, drilling and repeating - passive activities with very little mental engagement, involving no risks and little initiative.)
The classroom must be an environment where every learner is respected regardless of his or her perceived ‘cleverness’, where learners can take risks without fear that they will be criticised if they make a mistake. It should be an environment in which learners work in groups, in pairs or individually, but are always sharing ideas and engaged in discussion. 
The following activity illustrates how even the most apparently ‘routine’ problem can be tackled in a variety of ways. 
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Activity 1.10
	Doing mathematics:  informal methods
Reflect on the following informal strategies attempted by learners and then answer the questions below:

	USING A REVERSE FLOW DIAGRAM TO SOLVE AN EQUATION
Solve for x:  	3x2 + 5=17
 (
 
2
 
4
 
12
 
17
 
 5
 
 3
 
 
x
2
 3
x
2
 3
x
2
 
+ 5
 
17
 + 5
 
 3
Input
Output
 
x
 (..)
2
)

1	Reverse the flow diagram (see the dotted lines to indicate the inverse operations). Start with the output and apply inverse operations. What do you find?
2	Do you agree that the use of informal strategies where learners wrestle towards solutions is never a waste of time?  Motivate your response.
3	Compare the above non-routine strategies with the recipe-type routine methods and explain which offer better opportunities for ‘doing mathematics’ discussions, developing reasons, testing reasons and offering explanations.
4	Have you come across some interesting non-routine methods used by learners in a particular situation?  If you have, describe some of these examples. You could also discuss them with your fellow mathematics teachers.



What qualities does the teacher need in order to create an environment in which learners feel safe and stimulated to ‘do’ mathematics? The following activity helps to describe these. 
	
[image: ]
Activity 1.11
	An environment for doing mathematics
Read through the following motivational dialogue between Mr Bright and Mr Spark, two mathematics teachers. Describe the features of a classroom environment which you consider as important for learners to be engaged in doing mathematics.
Mr Bright:	A teacher of ‘doing’ mathematics needs to be enthusiastic, committed and a master of his or her subject.
Mr Spark:	He or she needs to have a personal and easier feel for doing mathematics to create the right environment in the classroom.
Mr Bright:	Teachers should provide activities designed to provide learners with opportunities to engage in the science of 	pattern and order.
Mr Spark:	Yes, a real opportunity to do some mathematics!
Mr Bright:	We need to develop this technique and discover as much as we can in the process.
Mr Spark:	Let us invite Mr Pattern and perhaps Mr Order and some of the other mathematics teachers.
Mr Bright:	Yes! We would all be actively and meaningfully engaged in doing mathematics and respect and listen to the ideas put forward by the others.
Mr Spark:	We shall challenge each other’s ideas without belittling anyone.



Having thought about the conditions necessary for doing mathematics, we can now begin to think about the kinds of activities that will promote doing mathematics.
[bookmark: _Toc207688365][bookmark: _Toc225835710]Examples of doing mathematics
In this part of the unit, we invite you to explore patterns in mathematics through a number of different mathematics problems. Mathematics gives us (and our learners) ways to think about the world. Selection and design of activities for use in a mathematics classroom is discussed in detail in this guide in Unit 4. Here we simply give examples of doing mathematics relating to each of the LOs in the NCS. This will give you the opportunity to do mathematics, reflect on what you have done, and think about appropriate and interesting activities to help learners explore the process of problem-solving through number patterns and logical reasoning.
Read carefully through each problem so that you are sure you understand what is required. None of these problems require any sophisticated mathematics, not even algebra. Don’t be passive!  Express your ideas. Get involved in doing mathematics!
[bookmark: _Toc199832270][bookmark: _Toc204422308][bookmark: _Toc207688366][bookmark: _Toc225835711]LO1: Doing an activity involving operations
This activity deals with content assessment standards that relate to mental operations from LO1. It also covers the assessment standards relating to pattern identification from LO2.
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Activity 1.12
	Exploration – product of numbers
Young children learning about their basic number facts could be confronted with the following observation: In the sum of two numbers, when you make the first number one more and the second number one less, you still get the same answer. For example:
		7 + 7 = 14	and 	8 + 6 = 14
		5 + 5 = 10 	and 	6 + 4 = 10.
Generalise these statements
Your task here is to examine what happens when you change addition to multiplication in this exploration. Consider the following examples:
	A
	B

	7  7 = 49
	8  6 = 48

	8  8 = 64
	9  7 = 63

	9  9 = 91
	10  8 = 80

	10  10 =100
	11  9 = 99

	.
	.

	.
	.

	.
	.


What happens to the product when you increase the first number by 1 and decrease the second number by 1 in column A?  Compare the products in column B and identify the pattern. State the pattern in your own words.
Generalise the statement.

	
	How do these results differ when the two factors are 1 apart?
	Example	A
	B

	6  7 = 42
	7  6 = 42

	7  8 = 56
	8  7 = 56

	8  9 = 72
	9  8 = 72

	.
	.


Compare the products in column A to the products in column B and identify the change (if any).
How do these results differ when the two factors are 2 apart or 3 apart?
Example 	(the numbers are two apart)
	A
	B

	6  4 = 24
	7  3 = 21

	9  7 = 63
	10  6 = 60

	10  8 = 80
	11  7 = 77

	.
	.

	.
	.

	.
	.


How do the results differ from the results above?
What if you adjust the factors up and down by 4?
Examples:
	A
	B

	7  3 = 21
	8  2 = 16

	9  5 = 45
	10  4 = 40

	.
	.

	.
	.

	.
	.


Find the difference in the products between column A and column B.
Does it make any difference to the results if you use big numbers instead of small ones?


[bookmark: _Toc199832271][bookmark: _Toc204422309]
[bookmark: _Toc207688367][bookmark: _Toc225835712]LO2: Functions 
This activity deals with the assessment standards relating to functions from LO2. 
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Activity 1.13
	Investigation 1
The following functions are given. Investigate the graphs of the following functions under the conditions as set out below:
y = x
y = x2
y = 
y = 2x
y = sin x
Explain the transformation of the graphs under the following conditions:
· Replace x by x  p (try several values of p – positive and negative)
· Replace y by y  q
· Replace x by x  p and y by y  q
Generalise the effect of the values of p and q

	
	Investigation 1
The following functions are given. Investigate the graphs of the following functions under the conditions as set out below:
y = x 1
y = (x  1)2
y = cos x
y = 
Explain the transformation of the graphs under the following conditions:
· Replace x by x 
· Replace y by y
· Replace x by y and y by x


[bookmark: _Toc199832272][bookmark: _Toc204422310][bookmark: _Toc207688368][bookmark: _Toc225835713]LO3: Doing an activity involving space and shape 
This activity deals with the assessment standards relating to geometric shapes from LO3.
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Activity 1.14
	Given ABCD is a square and rhombus EFGH is inscribed in the square. 
Prove that EFGH will be a square



[bookmark: _Toc199832273][bookmark: _Toc204422311][bookmark: _Toc207688369][bookmark: _Toc225835714]LO3: Doing an activity involving measurement 
This activity deals with the content assessment standards relating to measurement from LO3. It also deals with the assessment standards relating problem solving with rates from LO1. This is another activity that shows how maths can be used to solve real life problems.
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Activity 1.15
	Two machines, one job (adapted from Van de Walle)
Ron’s Recycle Shop was started when Ron bought a used paper-shredding machine. Business was good, so Ron bought a new shredding machine. The old machine could shred a truckload of paper in 4 hours. The new machine could shred the same truckload in only 2 hours. How long will it take to shred a truckload of paper if Ron runs both shredders at the same time?
Make a serious attempt to figure out a solution. (You could use drawings or counters, coins and so on). If you get stuck consider:
· Are you overlooking any assumptions made in the problem?
· Do the machines run at the same time?
· Do they run as fast when working together as when they work alone?
· Does it work to find the average here? Explain your answer.
· Does it work to use ratio and proportion here? Explain your answer.



[bookmark: _Toc199832274][bookmark: _Toc204422312][bookmark: _Toc207688370][bookmark: _Toc225835715]LO4: Doing an activity involving data handling 
This activity deals with the content assessment standards relating to representation of data from LO4. This is another activity that shows how maths can be used when thinking about real life problems.
	[image: ]
Activity 1.16
	Interpreting bar graphs
Jairos sells bicycles.  He is thinking about expanding his business and needs to borrow money from the bank.  He wants to show the bank manager that his sales are growing fast.  These are his sales for the last 6 months:
	Month
	Jan
	Feb
	Mar
	Apr
	May
	June

	Number of bikes sold
	26
	27
	29
	34
	44
	55



Jairos draws two graphs as shown below:





1	In what way are the graphs different?
2	Do you think the graphs tell the same story? Why / why not?
3	Which chart do you think Jairos should show to the bank manager?  Why?


[bookmark: _Toc204422313]
[bookmark: _Toc207688371][bookmark: _Toc225835716]Reflecting on doing mathematics  
Even if you worked hard on the above activities, you may not have found all of the patterns or solutions. The important thing, however, is to make an effort and take risks. Engaging with mathematics as the science of pattern and order is rewarding, but requires effort. As you will have noticed, the examples cover a wide range of mathematical content, all of which fall under into the bigger picture of doing mathematics. As you reflect on your experience, ask yourself the following questions:
· What difficulties did you encounter?
· How did you overcome them?
· If you did not overcome the difficulty, can you identify WHY NOT?
· Having identified why you were unable to solve the problem, are you able to get to the root of this problem? You may need to engage with colleagues or refer to books, and if so it is important that you do so, since as a teacher of mathematics, you will always have to master the content that you need to present.
· What methods did you use that were successful?
· Why were they successful?
· How would you like to present these activities (or other similar activities, appropriate to the grades which you teach) to your learners?
· How would you ensure that your learners are able to successfully solve the problems given to them?
This will help you to develop your ability to do mathematics and to teach mathematics in a developmental way. Instead of concentrating on explaining rules and procedures, a developmental approach to teaching mathematics is learner-centred and allows learners to grapple with ideas, discuss and explain solutions, challenge their own ideas and the ideas of others. Reflective thinking is the most important underlying tool required to construct ideas, develop new ideas and to connect a rich web of interrelated ideas.
In the rest of this unit we give further examples with a focus on pattern activities that you could do and reflect on – first by yourself, and then with your learners. In other units that follow you will be given the opportunity to try out problems relating to the other LOs from the mathematics curriculum.

[bookmark: _Toc207688372][bookmark: _Toc225835717]Pattern and conjectures
The ability to recognise patterns, use words and drawings to describe and analyse patterns, generalise rules for patterns, and generate other patterns is fundamental to understanding mathematics. Learners need to be able to describe patterns observed using words or mathematical symbols. It is important for learners to recognise patterns by looking for common differences. Learners also need to be able to extend numeric and geometric patterns, which helps them recognise a variety of relationships in the patterns and make connections between mathematical topics. Identifying patterns like repeat patterns and growing patterns helps learners become aware of the structures of various pattern types. Teachers need to show their learners how to make generalisations for patterns and understand these generalisations.

[bookmark: _Toc204422315][bookmark: _Toc207688373][bookmark: _Toc225835718]Repeating patterns
Van de Walle (2004) says that 
Identifying and extending patterns is an important process in algebraic thinking. Simple repetitive patterns can be explored as early as kindergarten. Young children love to work with patterns such as those made with coloured blocks, connecting cubes and buttons.
Patterns may be geometric, numeric or algebraic. Working with patterns develops the logical reasoning skills of the learners, and leads naturally into thinking algebraically. 

Here are two examples
1	In each of the following sequences find the probable rule, and on the basis of that rule, the next few members:
2 , 3 , 5 , 7 , 11 , 13 , _________________________
2 , 4 , 11 , 23 , ______________________________
9 , 8 , 10 , 9 , 11 , ______________________________
6 , 4 , 6 , 8 , 6 , 8 , 10 , ___________________________
1 , 3 , 4 , 1 , 5 , 4 , 9 , 5 , 14 , 9 , _____________________

2	Study the following, experiment as you see fit, add at least two rows to the list, and tell as much as you can find about what you find. (Hint: add the numbers in each row)

2.1	1 
	1 + 3
	1 + 3 + 5
	1 + 3 + 5 + 7

2.2	1 + 2 + 1
	1 + 4 + 4
	1 + 6 + 9	
	1 + 8 + 16	
	1 + 10 + 25	

2.3	1
	1 + 8
	1 + 8 + 27    
	1 + 8 + 27 + 64
	1 + 8 + 27 + 64 + 125 



This brings us to inductive and deductive reasoning
What is the difference between inductive and deductive reasoning?
Inductive reasoning 	From specific to general
Deductive reasoning 	From general to specific
[bookmark: _Toc225835719]Inductive reasoning
Most of the high school geometry is based on deductive reasoning, and students might have the impression that mathematicians use deductive reasoning exclusively. However, the mathematician must reason inductively before he or she can know what is worth trying to prove, and a mathematician without good intuition is not very creative. For every page of mathematics which appears in print, dozens of pages of unsuccessful attempts are usually discarded. 

Inductive reasoning is essential to mathematical creativity. To engage in it, one makes observations, gets hunches, guesses, or makes conjectures. There are many approaches to be taken. Making lists of examples of a particular kind and looking for patterns in the list is one approach. Physical models may also be constructed to aid in 'seeing' mathematical principles involved. In any event, one searches for patterns which may be generalisable.

Certain questions commonly found in intelligent tests require the use of inductive reasoning, for example to find the missing numbers in a sequence of numbers. Guessing the missing number in a sequence is a kind of mind-reading trick. One must guess what was in the mind of the person who constructed the sequence. 

An example:
Write down the next 10 numbers in the sequence: 1 , 3 , 5 , 3 , ......
What are your guesses?
I am sure that you could come up with various “guesses”, because in inductive reasoning, we do not always understand the premises of the argument.
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Activity 1.17
	From specific to general 
Give the following worksheet to a grade 10 or 11 class before you start with a lesson on the remainder theorem (factor theorem)
1	In each of the following give three particular cases and then  a general case: 
	Write down and expression for all the numbers which
	a	leaves a remainder of 1 when divided by 10
	b	leaves a remainder of 2 when divided by 5
	c	leaves a remainder of 3 when divided by 7
	d	leaves a remainder of p when divided by 7 (general only)
	e		leaves a remainder of p when divided by q (general only)



[bookmark: _Toc225835720]Deductive reasoning
Informal deduction
Deductive arguments which do not proceed from explicitly stated assumptions may be very strong convincing, and therefore be regarded as proofs. The nature of proofs of this sort can perhaps be illustrated by some examples or arguments produced by children. 
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Activity 1.18
	Informal deduction
Here is an example a learner used to prove that the sum of two even numbers will always be even:
He said: 

Every even number can be broken up into twos, because by definition an even number has a factor of two. So if we take two even numbers, we can break them both up into twos. Then put all these twos together and you have a number broken up into twos. It will be an even number.

1	What do you think or this learner’s explanation?
	This argument is an illustration of informal deductive reasoning, because it applies in general, and not to a few specific cases.
2	Prove that the sum of two odd numbers is an even number.
Working inductively:
17 = 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 1 (or 16 + 1)
5  = 2 + 2 + 1 (or 4 + 1)
So 17 + 5 = 16 + 1 + 4 + 1 = 20 + 1 + 1  = 20 + 2 = 22 which is even

An even number can be written as a sum of twos:
e.g: 10 = 2 + 2 + 2 + 2 + 2 = 5  2
and an odd number can be written as an even number plus one:
e.g. 11= 2 + 2 + 2 + 2 + 2 + 1 = 5  2 + 1
Now generalise this statement
3	Prove that the sum of two odd numbers will always be even
	Working deductively
	Two odd numbers may therefore be written as 2n + 1 and 2m + 1. When we add these two numbers, this gives us:
	(2n + 1) + (2m + 1)	Now complete
	= ____________________	(Commutative property for addition)
	= ____________________
	= ____________________	(Distributive property)

This number is clearly always divisible by 2 (it is 2  a number), which makes it an even number.
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Activity 1.19
	Inductive and deductive reasoning
1	Prove that the sum of an even and an odd number will always be odd.
	(Inductively and deductively)
2	Take any three consecutive natural numbers, e.g. 7 , 8 , 9. Square the middle number and subtract the product of the first and the last numbers. Investigate the result for different numbers. Formulate a rule.
· Have you worked inductively or deductively so far? 
· Are you sure that your rule is correct? Can you explain why it works? (Try algebra)
· Now investigate what happens if the procedure is applied to consecutive odd numbers, e.g. 5 , 7 , 9 , or multiples, e.g. 3 , 6 , 9.
· Generalise. Can you convince a sceptic?




What is a conjecture?
A hypothesis that has been formed by speculating or conjecturing (usually with little hard evidence)
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Activity 1.20
	Conjecturing 
1	Give two examples of conjectures.
2	A famous conjecture, the Goldbach's conjecture has never been proved, but nobody has ever come up with a contradiction. He conjectured that any even number greater than two can be written as the sum of two prime numbers. (Prime numbers has only two different factors, namely 1 and itself P = { 2 ; 3 ; 5 ; 7 ; 11 ; 13 ; 17 ; 19 ; ....})
	Through an inductive process, 'prove' this conjecture.
3	How would you approach the problem if you were asked to predict the last three digits in each of 536 and 15123 ?




[bookmark: _Toc207688375][bookmark: _Toc225835721]Unit summary
This study unit is designed to change the way in which learners perceive their role in the mathematics classroom – from being passive recipients of mathematics, involving facts, skills and knowledge to becoming active participants in ‘doing’ mathematics and doing the spadework for the creation of mathematical problems in the future. Accomplishing such a task has called for the development of stimulating activities and explanations in mathematics that would involve all learners, provide opportunities for more mathematical communication in the classroom, and link creative thinking with mathematical content.
 Through the practice of explanation, investigation and ‘doing’ mathematics in general, learners will begin to experience the full impact of the process of solving problems and thereafter, generating problems. If we are truly committed to the notion that mathematics is for everyone, then we must begin to look for alternative methods to the stereotypical traditional approach for facilitating learning in the classroom for all learners. Perhaps the creative aspect of ‘doing’ mathematics might be the key that will open doors to mathematical learning for previously uninterested learners. Simultaneously, active participation in problem-solving and problem investigation might serve to cultivate the talents of learners who maintain an interest in ‘doing’ mathematics.
[bookmark: _Toc207688376][bookmark: _Toc225835722]Self assessment
Tick the boxes to assess whether you have achieved the outcomes for this unit. If you cannot tick the boxes, you should go back and work through the relevant part in the unit again.
I am able to:
	#
	Checklist
	

	1
	Critically discuss the thinking that the traditional approach to teaching mathematics rewards the learning of rules, but offers little opportunity to “do” mathematics.
	

	2
	Explain the term ‘mathematics as a science of pattern and order’.
	

	3
	Evaluate a collection of action verbs that is used to reflect the kind of activities engaged by the learners when doing mathematics.
	

	4
	Construct a list of features of a classroom environment considered as important for learners engaged in doing mathematics.
	

	5
	Think about appropriate and interesting activities to help learners explore the process of problem solving through number patterns and logical reasoning.
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[bookmark: _Toc224225392][bookmark: _Toc225835724]Unit Two: 	Developing Understanding in Mathematics 
[bookmark: _Toc224225394][bookmark: _Toc225835725]Unit outcomes
Upon completion of Unit Two you will be able to:

· Critically reflect on the constructivist approach as an approach to learning mathematics.
· Cite with understanding some examples of constructed learning as opposed to rote learning.
· Explain with insight the term 'understanding' in terms of the measure of quality and quantity of connections.
· Motivate with insight the benefits of relational understanding.
· Distinguish and explain the difference between the two types of knowledge in mathematics: conceptual knowledge and procedural knowledge.
· Critically discuss the role of models in developing understanding in mathematics (using a few examples).
· Motivate for the three related uses of models in a developmental approach to teaching.
· Describe the foundations of a developmental approach based on a constructivist view of learning.
· Evaluate the seven strategies for effective teaching based on the perspectives of this chapter.

[bookmark: _Toc224225395][bookmark: _Toc225835726]Introduction
In recent years there has been an interesting move away from the idea that teachers can best help their learners to learn mathematics by deciding in what order and through what steps new material should be presented to learners. It has become a commonly accepted goal among mathematics educators that learners should be enabled to understand mathematics. 
A widely accepted theory, known as constructivism, suggests that learners must be active participants in the development of their own understanding.
Each learner, it is now believed, constructs his/her own meaning in his/her own special way.
This happens as learners interact with their environment, as they process different experiences and as they build on the knowledge (or schema) which they already have.
Njisane (1992) in Mathematics Education explains that learners never mirror or reflect what they are told or what they read: It is in the nature of the human mind to look for meaning, to find regularity in events in the environment whether or not there is suitable information available. The verb ‘to construct’ implies that the mental structures (schemas) the child ultimately possesses are built up gradually from separate components in a manner initially different from that of an adult.
Constructivism derives from the cognitive school of psychology and the theories of Piaget and Vygotsky. It first began to influence the educational world in the 1960s. More recently, the ideas of constructivism have spread and gained strong support throughout the world, in countries like Britain, Europe, Australia and many others.
Here in South Africa, the constructivist theory of mathematics learning has been strongly supported by researchers, by teachers and by the education department. The so-called Problem-centred Approach of Curriculum 2005 (which preceded the NCS) was implemented in the Foundation, Intermediate and Senior Primary phases in many South African schools. This was based on constructivist principles. The NCS also promotes a constructivist approach to teaching and learning mathematics, as you will have seen in unit one, particularly in the section where the action words of doing maths were discussed. 
Constructivism provides the teachers with insights concerning how children learn mathematics and guides us to use instructional strategies developmentally, that begin with the children and not ourselves. This chapter focuses on understanding mathematics from a constructivist perspective and reaping the benefits of relational understanding of mathematics, that is, linking procedural and conceptual knowledge to set the foundations of a developmental approach.
[bookmark: _Toc224225396][bookmark: _Toc225835727]A constructivist view of learning
The constructivist view requires a shift from the traditional approach of direct teaching to facilitation of learning by the teacher. Teaching by negotiation has to replace teaching by imposition; learners have to be actively involved in ‘doing’ mathematics. This doing need not always be active and involve peer discussion, though it often does. Learners will also engage in constructive learning on their own, working quietly through set tasks, allowing their minds to sift through the materials they are working with, and consolidate new ideas together with existing ideas. Constructivism rejects the notion that children are 'blank slates' with no ideas, concepts and mental structures. They do not absorb ideas as teachers present them, but rather, children are creators of their own knowledge. The question you should be asking now is: How are ideas constructed by the learners? 
The activity below will get you thinking about different ways in which teachers try to help learners construct their own understanding of key concepts. You should complete the activity according to your own experience as a mathematics learner and teacher.
	[image: ]
Activity 2.1
	Constructing ideas
	Approach
	

	Instructing learners to memorise rules. 
	

	Explaining the rules /concepts to the learners
	

	Repetitive drilling of facts /rules/principles
	

	Providing opportunities to learners to give expressions to their personal constructions.
	

	Providing a supportive environment where learners feel free to share their initial conclusions and constructions.
	

	Providing problem-solving approaches to enhance the learner construction of knowledge.
	

	Providing for discovery learning which results from the learner manipulating and structuring so that he or she finds new information.
	

	Using games to learn mathematics.
	


Read through the following approaches that a teacher may employ to help learners to construct concepts, rules or principles. 

Think about it for a while and then rate each approach from 1 to 4 to indicate its effectiveness in constructing meaningful ideas for the learner.
In the box next to the stated approach, write 1, 2, 3 or 4:
1 means that the approach is not effective.
2 means that the approach is partially effective.
3 means that the approach is effective.
4 means that the approach is very effective.



Reflection:
· What criteria did you use in rating the above approaches?
· In each of the above approaches, consider the extent to which all learners are involved in 'doing' mathematics.
· Is it possible that the different approaches could be weighted differently depending on the particular learning outcomes and context being explored? If so, can you give an example?



[bookmark: _Toc224225397][bookmark: _Toc225835728]The construction of ideas
A key idea of constructivism is simply this: children construct their own knowledge. It is not just children who do this: everyone is involved all the time in making meaning and constructing their own understanding of the world. 
The constructivist approach views the learner as someone with a certain amount of knowledge already inside his or her head, not as an empty vessel which must be filled. The learner adds new knowledge to the existing knowledge by making sense of what is already inside his or her head. We, therefore, infer that the constructive process is one in which an individual tries to organize, structure and restructure his / her experiences in the light of available schemes of thought. In the process these schemes are modified or changed. Njisane (1992) explains that concepts, ideas, theories and models as individual constructs in the mind are constantly being tested by individual experiences and they last as long as they are interpreted by the individual. No lasting learning takes place if the learner is not actively involved in constructing his or her knowledge.
Piaget (Farrell: 1980) insists that knowledge is active, that is, to know an idea or an object requires that the learner manipulates it physically or mentally and thereby transforms (or modifies) it. According to this concept, when you want to solve a problem relating to finance, in the home or at the garage or at the church, you will spontaneously and actively interact with the characteristics of the real situation that you see as relevant to your problem.
A banker, faced with a business problem, may 'turn it over in his mind', he may prepare charts or look over relevant data, and may confer with colleagues  in so doing, he transforms the set of ideas in a combination of symbolic and concrete ways and so understands or 'knows' the problem.
The tools we use to build understanding are our existing ideas, the knowledge that we already possess. The materials we act on to build understanding may be things we see, hear or touch  elements of our physical world. Sometimes the materials are our own thoughts and ideas  to build our mental constructs upon. The effort that must be supplied by the learner is active and reflective thought. If the learner's mind is not actively thinking, nothing happens.
In order to construct and understand a new idea, you have to think actively about it. Mathematical ideas cannot be 'poured into' a passive learner with an inactive mind. Learners must be encouraged to wrestle with new ideas, to work at fitting them into existing networks of ideas, and to challenge their own ideas and those of others.
Van de Walle (2004) aptly uses the term 'reflective thought' to explain how learners actively think about or mentally work on an idea. He says: 
Reflective thought means sifting through existing ideas to find those that seem to be the most useful in giving meaning to the new idea. 
Through reflective thought, we create an integrated network of connections between ideas (also referred to as cognitive schemas). As we are exposed to more information or experience, the networks are added to or changed – so our cognitive or mental schemas are always being modified to include new ideas. 
Below is an example of the web of association that could contribute to the understanding of the concept ‘ratio’.
 (
DIVISION
The ratio of 3 to 4 can be written as the division 
relationship  ¾
.
TRIGONOMETRY
What is the difference between trig function and a trig ratio?
SCALE
The scale of a map is 1cm per 50km. We write this as the ratio 1:50 000
SLOPE
The ratio of the rise to the run is 1/8.
GEOMETRY
The ratio of the circumference of a circle to its diameter is 
always 
.
 
is
 approximately
 
 
Any two similar figures have corresponding measurements that are proportional (in the
 
same ratio).
BUSINESS
Profit and loss are figured as ratios of income to total cost.
UNIT PRICES
125g/R19
,95
. That’s R39
,90
 for 250g or R159,60 per kilogram.
COMPARISONS
The ratio of rainy days to sunny days is greater in 
Cape Town
 than in the Great Karoo.
RATIO
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	[image: ]
Activity 2.2
	Cognitive schema: a network of connections between ideas.
Select a particular skill (for example the drawing of trig graphs) that you would want your learners to acquire with understanding. Develop a cognitive schema (mental picture) for the newly emerging concept (or rule).
You should consider the following:
· Develop a network of connections between existing ideas (the maximum/minimum, periodicity, quadrants, etc.)
· Add the new idea (horizontal and vertical displacement).
Draw in the connecting lines between the existing ideas and the new ideas used and formed during the acquisition of the skill.



The general principles of constructivism are based largely on the work of Piaget. 
He says that when a person interacts with an experience/situation/idea, one of two things happens. Either the new experience is integrated into his existing schema (a process called assimilation) or the existing schema has to be adapted to accommodate the new idea/experience (a process called adaptation). 
Assimilation refers to the use of an existing schema to give meaning to new experiences. Assimilation is based on the learner’s ability to notice similarities among objects and match the new ideas to those he/she already possesses.
Accommodation is the process of altering existing ways of seeing things or ideas that do not fit into existing schemata. Accommodation is facilitated by reflective thought and results in the changing or modification of existing schemata.
The following activity will help you work through these ideas with a mathematical example. 
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Activity 2.3
	Daniel, a learner in grade 11, gives the following incorrect response 
 > 0 implies that x + 1 > 0 and thus x > 1
1	Explain the conceptual error made by the learner
2	What mental construct (or idea) needs to be modified by the learner to overcome this misconception? (Multiplying an inequality by a negative number) 
3	Describe a useful constructive activity that Daniel could engage in to remedy the misconception. 
	What kind of process takes place as a result of the modification of Daniel's mental construct: accommodation or assimilation?  Explain your answer. 


[bookmark: _Toc202486327]
[bookmark: _Toc224225398][bookmark: _Toc225835729]Implications for teaching
Mathematics learning is likely to happen when we:
· Use activities which build upon learners’ experiences
· Use activities which the learners regard as powerful and interesting
· Provide feedback to the learners
· Use and develop correct mathematical language
· Challenge learners within a supportive framework
· Encourage learner collaboration, consensus and decision-making.
[bookmark: _Toc202486328][bookmark: _Toc224225399][bookmark: _Toc225835730]Examples of constructed learning
When learners construct their own conceptual understanding of what they are being taught, they will not always produce solutions that look the same. The teacher needs to be open to evaluating the solution of the learner as it has been presented. Computational proficiency and speed are not always the goal. Rather, confidence, understanding and a belief in their ability to solve a problem should also be valued. 
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Activity 2.4
	Find five typical errors that you are aware of, that your learners made in grade 10 – 12 Mathematics. Write them down and analyse them, by looking at conceptual errors.



[bookmark: _Toc202486329][bookmark: _Toc224225400][bookmark: _Toc225835731]Construction in rote learning
All that you have read so far shows that learning and thinking cannot be separated from each other (especially in mathematics). In many classrooms, reflective thought (or active thinking) is still often replaced by rote learning with the focus on the acquisition of specific skills, facts and the memorizing of information, rules and procedures, most of which is very soon forgotten once the immediate need for its retention is passed.
A learner needs information, concepts, ideas, or a network of connected ideas in order to think and he will think according to the knowledge he already has at his disposal (in his cognitive schemata). The dead weight of facts learnt off by heart, by memory without thought to meaning (that is rote learning), robs the learner of the potential excitement of relating ideas or concepts to one another and the possibility of divergent and creative thinking (Grossmann: 1986). 
Constructivism is a theory about how we learn. So, even rote learning is a construction. However, the tools or ideas used for this construction in rote learning are minimal. You may well ask: To what is knowledge learned by rote, connected?
What is inflicted on children as a result of rote-memorized rules, in many cases, is the manipulation of symbols, that have little or no attached meaning. 
This makes learning much more difficult because rules are much harder to remember than integrated conceptual structures which are made up of a network of connected ideas. In addition, careless errors are not picked up because the task has no meaning for the learner and so he/she has not anticipated the kind of result that might emerge.
According to the stereotypical traditional view, mathematics is regarded as a “tool subject” consisting of a series of computational skills: the rote learning of skills is all-important with rate and accuracy the criteria for measuring learning. This approach, labelled as the 'drill theory', was described by William Brawnell (Paul Trapton: 1986) as follows:
Arithmetic consists of a vast host of unrelated facts and relatively independent skills. The pupil acquires the facts by repeating them over and over again until he is able to recall them immediately and correctly. He develops the skills by going through the processes in question until he can perform the required operations automatically and accurately. The teacher need give little time to instructing the pupil in the meaning of what he is learning.
There are numerous weaknesses with this approach:
· Learners perform poorly, neither understanding nor enjoying the subject;
· They are unable to apply what they have learned to new situations; they soon forget what they have learned;
· Learning occurs in a vacuum; the link to the real world is rarely made;
· Little attention is paid to the needs, interest and development of the learner;
· Knowledge learned by rote is hardly connected to the child’s existing ideas (that is, the child's cognitive schemata) so that useful cognitive networks are not formed - each newly-formed idea is isolated;
· Rote learning will almost never contribute to a useful network of ideas. 
· Rote learning can be thought of as a 'weak construction'.
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Activity 2.5
	Rote learning
In what way can rote learning in a Mathematics class be beneficial? 
Give an example of each grade:
Grade 10 
Grade 11
Grade 12
Where rote learning can be applied


[bookmark: _Toc202486330][bookmark: _Toc224225401][bookmark: _Toc225835732]Understanding
We are now in a position to say what we mean by understanding. Grossman (1986) explains that to understand something means to assimilate it into an appropriate schema (cognitive structure). Recall that assimilation refers to the use of an existing schema (or a network of connected ideas) to give meaning to new experiences and new ideas. It is important to note that the assimilation of information or ideas to an inappropriate (faulty, confusing, or incorrect) schema will make the assimilation to later ideas more difficult and in some cases perhaps impossible (depending on how inappropriate the schema is).
Grossmann (1986) cites another obstacle to understanding: the belief that one already understands fully - learners are very often unaware that they have not understood a concept until they put it into practice. How often has a teacher given a class a number of similar problems to do (after demonstrating a particular number process on the board) only to find a number of children who cannot solve the problems? Those children thought that they understood, but they did not. The situation becomes just as problematic when there is an absence of a schema: that is, no schema to assimilate to, just a collection of memorised rules and facts. For teachers in the intermediate phase the danger lies in the fact that mechanical computation can obscure the fact that schemata are not being constructed or built up, especially in the first few years – this is to the detriment of the learners’ understanding in later years. 
Understanding can be thought of as the measure of the quality and quantity of connections that an idea has with existing ideas. Understanding depends on the existence of appropriate ideas and the creation of new connections. The greater the number of appropriate connections to a network of ideas, the better the understanding will be. A person’s understanding exists along a continuum. At one pole, an idea is associated with many others in a rich network of related ideas. This is the pole of so-called ‘relational understanding’. At the other, the ideas are loosely connected, or isolated from each other. This is the pole of so-called ‘instrumental understanding’. 
Knowledge learned by rote is almost always at the pole of instrumental understanding - where ideas are nearly always isolated and disconnected. 
Grossman (1986) draws attention to one of Piaget’s teaching and learning principles: the importance of the child learning by his or her own discovery. When learners come to knowledge through self discovery, the knowledge has more meaning because discovery facilitates the process of building cognitive structures (constructing a network of connected ideas). Recall of information (concepts, procedures) is easier than recall of unrelated knowledge transmitted to the learner. 
Through the process of discovery (or investigation), a learner passes through a process of grasping the basic relations (or connections) of an event while discarding irrelevant relations and so he or she arrives at a concept (idea) together with an understanding of the relations that give the concept meaning: the learner can, therefore, go on to handle and cope with a good deal of meaningful new, but in fact highly related information.
We infer from the above that the learner arrives at a concept that is derived from a schema (a network of connected ideas) rather than from direct instruction from the teacher. This produces the kind of learner who is independent, able to think, able to express ideas, and solve problems. This represents a shift to learner centeredness  where learners are knowledge developers and users rather than storage systems and performers (Grossman: 1986).
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Activity 2.6
	Relational and instrumental understanding
1	Explain the difference between relational understanding and instrumental understanding.
2	Explain why relational understanding has a far greater potential for promoting reflective thinking than instrumental understanding.
3	Explain what it means to say that understanding exists on a continuum from relational to instrumental. Give an example of a mathematical concept and explain how it might be understood at different places along this continuum.
Explain the difference between the use of a rule, an algorithm or an idea, and the thinking strategies, processes and concepts used to construct a solution (or a new idea).



[bookmark: _Toc202486331][bookmark: _Toc224225402][bookmark: _Toc225835733]Examples of understanding
Understanding is about being able to connect ideas together, rather than simply knowing isolated facts. The question 'Does the learner know it?' must be replaced with 'How well does the learner understand it?' The first question refers to instrumental understanding and the second leads to relational understanding. Memorising rules and using recipe methods diligently in computations is knowing the idea. Where the learner connects a network of ideas to form a new idea and arrive at solutions, this is 'understanding the idea' and contributes to how a learner understands.

Look at the attempts of a grade 11 learners to solve a quadratic equation:
Learner A	(x  4)(x  1) = 10
	x = 4 or x = 1

Learner B	(x  4)(x  1) = 10
	x  4 = 10 or  x  1= 10
	x = 14 or x = 11

Learner C	(x  4)(x  1) = 10
	x2 5x + 4 = 10
	x 2 5x  6 = 0
	(x  3)(x  2) = 0
	x = 3 or x = 2

Learner D	x2 5x + 4 = 10
	x 2 5x  6 = 0
	(x  6)(x + 1) = 0
	x = 6 and x = 1

Reflect on the thought processes at the different places along the understanding continuum (that is , the continuous closing of ‘gaps’ for the understanding of the idea at hand
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IDEA A	Instrumental understanding  concept is isolated, vague or flawed
IDEA B	
IDEA C	
IDEA D	
IDEA E		Relational understanding.
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Activity 2.7
	Continuum of understanding
1	Where would you place the learners in the above example on the continuum of understanding? 
2	What would you tell each learner to rectify the misconception?
3	Draw a mind map for the solving quadratic equation and show how the concepts are interrelated
4	Read the article by Alwyn Olivier “Handling pupils’ misconceptions” (Appendix A on page 176) where he explains how misconceptions can come from previously “correct learning”.



This kind of analysis of steps that learners could follow when answering a question can help you, the teacher, to help learners to overcome their difficulties and misunderstandings. There is not a ‘magic wand’ that one can wave to make problems go away. Each individual learner will need attention and help at the point at which he/she is experiencing difficulty, and you need to be able to find the step at which he/she needs help, and take it from there.
[bookmark: _Toc202486332][bookmark: _Toc224225403][bookmark: _Toc225835734]Benefits of relational understanding
Reflect again on the involvement of the learner in the science of pattern and order when ‘doing’ mathematics. Perhaps he or she had to share ideas with others, whether right or wrong, and try to defend them. The learner had to listen to his/her peers and try to make sense of their ideas. Together they tried to come up with a solution and had to decide if the answer was correct without looking in an answer book or even asking the teacher. This process takes time and effort.
When learners do mathematics like this on a daily basis in an environment that encourages risk and participation, formulating a network of connected ideas (through reflecting, investigating and problem solving), it becomes an exciting endeavour, a meaningful and constructive experience.
In order to maximise relational understanding, it is important for the teacher to 
select effective tasks and mathematics activities that lend themselves to exploration, investigation (of number patterns for example) or self-discovery;
make instrumental material available (in the form of manipulatives, worksheets, mathematical games and puzzles, diagrams and drawings, paper-folding, cutting and pasting, and so on) so that the learners can engage with the tasks;
organise the classroom  for constructive group work and maximum interaction with and among the learners. 
The important benefits derived from relational understanding (that is, this method of constructing knowledge through the process of 'doing' mathematics in problem-solving and thus connecting a network of ideas to give meaning to a new idea) make the whole effort not only worthwhile but also essential. 
In his book Elementary and Middle School Mathematics, Van de Walle (2004) gives a very clear account of seven benefits of relational understanding. What following is a slightly adapted version of his account. 
Benefit 1: It is intrinsically rewarding
Nearly all people, and certainly children, enjoy learning ('what type of learning?’ you may ask). This is especially true when new information, new concepts and principles connect with ideas already at the learner’s disposal. The new knowledge now makes sense, it fits (into the learner’s schema) and it feels good. The learner experiences an inward satisfaction and derives an inward motivation to continue, to search and explore further - he or she finds it intrinsically rewarding.
Children who learn by rote (memorisation of facts and rules without understanding) must be motivated by external means: for the sake of a test, to please a parent, from fear of failure, or to receive some reward. Such learning may not result in sincere inward motivation and stimulation. It will neither encourage the learner nor create a love for the subject when the rewards are removed.
Benefit 2: It enhances memory 
Memory is a process of recalling or remembering or retrieving of information.
When mathematics is learned relationally (with understanding) the connected information, or the network of connected ideas, is simply more likely to be retained over time than disconnected information.
Retrieval of information is also much easier. Connected information provides an entire web of ideas (or network of ideas). If what you need to recall seems distant, reflecting on ideas that are related can usually lead you to the desired idea eventually.
Retrieving disconnected information or disorganised information is more like finding a needle in haystack.
Look at the example given below. Would it be easier to recall the set of disconnected numbers indicated in column A, or the more organized list of numbers in column B?  Does the identification of the number pattern in column B (that is, finding a rule that connects the numbers) make it easier to retrieve this list of numbers?
 (
17
9
15
19
1
3
11
5
13
7
A
Disconnected list of numbers
B
Organised
 and connected list of numbers
1   3   5   7   9   11   13   15   17   19
)









Benefit 3: There is less to remember 
Traditional approaches have tended to fragment mathematics into seemingly endless lists of isolated skills, concepts, rules and symbols. The lists are so lengthy that teachers and learners become overwhelmed from remembering or retrieving hosts of isolated and disconnected information.
Constructivists, for their part, talk about how ‘big ideas’ are developed from constructing large networks of interrelated concepts. Ideas are learned relationally when they are integrated into a web of information, a ‘big idea’. For a network of ideas that is well constructed, whole chunks of information are stored and retrieved as a single entity or as a single ground of related concepts rather than isolated bits.
Think of the big idea ‘ratio and proportion’ and how it connects and integrates various aspects of the mathematics curriculum: the length of an object and its shadow, scale drawings, trigonometric ratios, similar triangles with proportional sides, the ratio between the area of a circle and its radius and so on. 

Benefit 4: It helps with learning new concepts and procedures
An idea which is fully understood in mathematics is more easily extended to learn a new idea.

· Number concepts and relationships help in the mastery of basic facts:
For example: 
	8 + 7 =15
15  8 = 7
15  7 = 8
	
= 5
5  7 =35



· Fraction knowledge and place-value knowledge come together to make decimal learning easier.
For example:
[image: ]

· Proper construction of decimal concepts will directly enhance an understanding of percentage concepts and procedures.
For example: 
Convert 0,125 to a percentage.
[image: ]

· Many of the ideas of elementary arithmetic become the model for ideas in algebra.
For example: 	3  5 + 4  5 = 7  5
	3  7 + 4  7 = 7  7
	3  12 + 4  12 = 7  12
Leads to:
3x + 4x = 7x
Take careful note of how connections are made and new constructs or ideas are generated. Without these connections, learners will need to learn each new piece of information they encounter as a separate unrelated idea. 
Benefit 5: It improves problem-solving abilities
The solution of novel problems (or the solution of problems that are not the familiar routine type) requires transferring ideas learned in one context to new situations. When concepts, skills or principles are constructed in a rich and organised network (of ideas), transferability to a new situation is greatly enhanced and, thus, so is problem solving.
Consider the following example:
Learners in the Intermediate phase are asked to work out the following sum in different ways:
14 + 14 + 14 + 14 + 14 + 14 + 14 + 6 + 6 + 6 + 6 + 6 + 6 + 6
Learners with a rich network of connected ideas with regard to the addition of whole numbers, multiplication as repeated addition and the identification of number patterns might well construct the following solutions to this problem:
7  (14 + 6) = 7  20   (since there are seven pairs of the sum 14 + 6)
                    = 140 or
7  14 + 7  6  (seven groups of 14 and seven groups of 6)
= 98 + 42
= 140 
Adding the numbers from left to right would be, you must agree, a tedious exercise.
Benefit 6: It is self-generative
A learner who has constructed a network of related or connected ideas will be able to move much more easily from this initial mental state to a new idea, a new construct or a new invention. This learner will be able to create a series of mental pathways, based on the cognitive map of understanding (a rich web of connected ideas) at his or her disposal, to a new idea or solution. 
That is, the learner finds a path to a new goal state. Van de Walle agrees with Hiebert and Carpenter that a rich base of understanding can generate new understandings:
Inventions that operate on understanding can generate new understanding, suggesting a kind of snowball effect. As networks grow and become more structured, they increase the potential for invention.
Consider as an example, the sum of the first ten natural numbers: 
1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10
A learner with insight and understanding of numbers may well realize that each consecutive number from left to right increases by one and each consecutive number from right to left decreases by one. 
Hence the following five groups of eleven are formed:
1 + 10 = 11; 2 + 9 =11; 3 + 8 =11; 4 + 7 =11 and 5 + 6 =11
The sum of the first ten natural numbers is simply: 
[image: ]
The connection of ideas in the above construct may well generate an understanding of the following new rule: 

1 + 2+ 3 + 4+...........+  n = 
Use this rule to add up the first 100 natural numbers.
Relational understanding therefore has the welcome potential to motivate the learner to new insights and ideas, and the creation of new inventions and discoveries in mathematics.
When gaining knowledge is found to be pleasurable, people who have had that experience of pleasure are more likely to seek or invent new ideas on their own, especially when confronting problem-based situations.
Benefit 7: It improves attitudes and beliefs
Relational understanding has the potential to inspire a positive feeling, emotion or desire (affective effect) in the learner of mathematics, as well as promoting his or her faculty of knowing, reasoning and perceiving (cognitive effect). When learning relationally, the learner tends to develop a positive self-concept, self-worth and confidence with regard to his or her ability to learn and understand mathematics.
Relational understanding is the product of a learning process where learners are engaged in a series of carefully designed tasks which are solved in a social environment.
Learners make discoveries for themselves, share experiences with others, engage in helpful debates about methods and solutions, invent new methods, articulate their thoughts, borrow ideas from their peers and solve problems  in so doing, conceptual knowledge is constructed and internalised by the learner improving the quality and quantity of the network of connected and related ideas. 
The effects may be summarized as follows:
· promotes self-reliance and self-esteem
· promotes confidence to tackle new problems
· reduces anxiety and pressure 
· develops an honest understanding of concepts
· learners do not rely on interpretive learning but on the construction of knowledge
· learners develop investigative and problem-solving strategies
· learners do not forget knowledge they have constructed 
· learners enjoy mathematics.
There is no reason to fear or to be in awe of knowledge learned relationally. Mathematics now makes sense - it is not some mysterious world that only ‘smart people’ dare enter. At the other end of the continuum, instrumental understanding has the potential of producing mathematics anxiety, or fear and avoidance behaviour towards mathematics.
Relational understanding also promotes a positive view about mathematics itself. Sensing the connectedness and logic of mathematics, learners are more likely to be attracted to it or to describe it in positive terms.
In concluding this section on relational understanding, let us remind ourselves that the principles of OBE make it clear that learning with understanding is both essential and possible. That is, all learners can and must learn mathematics with understanding. Learning with understanding is the only way to ensure that learners will be able to cope with the many unknown problems that will confront them in the future.
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Activity 2.8
	Benefits of relational understanding
Examine the seven benefits of relational understanding given above.
Select the benefits that you think are most important for the learning (with understanding) of mathematics. Discuss this with fellow mathematics teachers.
Describe each of the benefits chosen above and then explain why you personally believe each one is significant. Try to illustrate your thinking with a practical example from your own classroom.



[bookmark: _Toc202486333][bookmark: _Toc224225404][bookmark: _Toc225835735]Types of mathematical knowledge
All knowledge, whether mathematical or other knowledge, consists of internal or mental representations of ideas that the mind has constructed. The concept itself, then, exists in the mind as an abstraction. To illustrate this point Farrell and Farmer (1980) refer to the formation of the concept of a ‘triangle’ as follows:
When you learned the concept of ‘triangle’ you may have been shown all kinds of triangular shapes like cardboard cut-outs, three pipe cleaners tied together, or pictures of triangular structures on bridges or pictures of triangle in general. Eventually, you learned that these objects and drawings were representations or physical models of a triangle, not the triangle itself. In fact, you probably learned the concept of triangle before you were taught to give a definition and you may have even learned quite a bit about the concept before anyone told you its name. So a concept is not its label, nor is it any physical model or single example. The concept of the triangle, therefore, resides in the mental representation of the idea that the mind has constructed.
You may also include terms such as integer, pi (), locus, congruence, set addition, equality and inequality as some of the mental representations of ideas that the mind has constructed in mathematics. 
According to Njisane (1992) in Mathematics Education, Piaget distinguishes three types of knowledge, namely, social, physical and logico-mathematical knowledge:
Social knowledge is dependent on the particular culture. In one culture it is accepted to eat with one’s fingers, in another it may be considered as bad manners. Social knowledge is acquired through interaction with other people. Presumably the best way to teach it in the classroom would be through telling.
Physical knowledge is gained when one abstracts information about the objects themselves. The colour of an object, its shape, what happens to it when it is knocked against a wall and so on are examples of physical knowledge. 
Logico-mathematical knowledge is made up of relationships between objects, which are not inherent in the objects themselves but are introduced through mental activity. 
For example, to acquire a concept of the number 3, a learner needs to experience different situations where three objects or elements are encountered. Logico- mathematical knowledge is acquired through reflective abstraction, depending on the child’s mind and the way he or she organizes and interprets reality. It seems that each one of us arrives at our own logico-mathematical knowledge.
It is important to note that the acquisition of logico-mathematical knowledge without using social and physical knowledge as a foundation is bound to be ineffective. Since relational understanding depends on the integration of ideas into abstract networks of ideas (or a network of interconnected ideas), teachers of mathematics may just view mathematics as something that exists ‘out there’, while forgetting the concrete roots of mathematical ideas. This could result in a serious mistake – teachers must take into account how these mental representations of the mind are constructed. That is, through effective interaction and ‘doing mathematics’.
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Activity 2.9
	Logico-mathematical knowledge
Read the text above and then answer the following question: 
Can logico-mathematical knowledge be transmitted from the teacher to the learner while the learner plays a passive role? Explain your response. 
In your response remember to consider that:
· mental ideas or representations need to be constructed by the learner.
· the learner requires interaction and mental activity to establish relationships between objects.


[bookmark: _Toc202486334]
[bookmark: _Toc224225405][bookmark: _Toc225835736]Conceptual understanding of mathematics
Conceptual knowledge of mathematics consists of logical relationships constructed internally and existing in the mind as a part of the greater network of ideas:
It is the type of knowledge Piaget referred to as logico-mathematical knowledge. That is, knowledge made up of relationships between objects, which are not inherent in the objects themselves, but are introduced through mental activity.
By its very nature, conceptual knowledge is knowledge that is understood.
You have formed many mathematical concepts. Ideas such as seven, nine, rectangle, one/tens/hundreds (as in place value), sum, difference, quotient, product, equivalent, ratio, positive, negative are all examples of mathematical relationships or concepts. 
It would be appropriate at this stage to focus on the nature of mathematical concepts. Richard R Skemp (1964) emphasises the following (which should draw your attention): 
Mathematics is not a collection of facts, which can be demonstrated, seen or verified in the physical world (or external world), but a structure of closely related concepts, arrived at by a process of pure thought.
Think about this: that the subject matter of mathematics (or the concepts and relationships) is not to be found in the external world (outside the mind), and is not accessible to our vision, hearing and other sense organs. These mathematical concepts have only mental existence – so in order to construct a mathematical concept or relationship, one has to turn it away from the physical world of sensory objects to an inner world of purely mental objects.
This ability of the mind to turn inwards on itself, that is, to reflect, is something that most of us use so naturally that we may fail to realize what a remarkable ability it is. Do you not consider it odd that we can ‘hear’ our own verbal thoughts and ‘see’ our own mental images, although no one has revealed any internal sense organs which could explain these activities?  Skemp (1964) refers to this ability of the mind as reflective intelligence. 
Are mathematical concepts different from scientific concepts?  Farrell and Farmer (1980) explains that unlike other kinds of concepts such as cow, dog, glass, ant, water, flower, and the like, you cannot see or subject to the other senses examples of triangle, points, pi, congruence, ratio, negative numbers and so on. ‘But we write numbers, don’t we?’ you may ask. No, we write symbols which some prefer to call numerals, the names for numbers. Now reflect on the following key difference between mathematics and science:
Scientific concepts include all those examples which can be perceived by the senses, such as insect and flower, and those whose examples cannot be perceived by the senses, such as atom and gravity. These latter concepts are taught by using physical models or representations of the concepts (as in the case of mathematics). (Farrell & Farmer: 1980).
Skemp (1964) urges us to see that the data of sensori-motor learning are sense data present in the external world – however, the data for reflective intelligence are concepts, so these must have been formed in the learner’s own mind before he or she could reflect on them. A basic question that you may ask at this stage is: How are mathematical concepts formed? 
Skemp (1964) points out that to give someone a concept in a field of experiences which is quite new to him or her, we must do two things:
Arrange for him or her a group of experiences which have the concept as common and if it is a secondary concept (that is a concept derived from the primary concepts), we also have to make sure that he or she has the other concepts from which it is derived (that is the prerequisite concepts need to be in place in the mental schema of the learner).
Returning now to mathematics: ‘seven’ is a primary concept, representing that which all collections of seven objects have in common. ‘Addition’ is another concept, derived from all actions or processes which make two collections into one. These concepts require for their learning a variety of direct sensory experiences (counters, manipulative and so on) from the external world to exemplify them.
The weakness of our present teaching methods comes, according to Skemp (1964), during and after the transition from primary to secondary concepts, and other concepts in the hierarchy. For example, from working through the properties of individual numbers to generalization about these properties; from statements like 
9  6 = 54 to those like 9(x + y) = 9x + 9y.
Do you agree that many learners never do understand what these algebraic statements really mean, although they may, by rote-learning, acquire some skills in performing as required certain tricks with the symbols?  Understanding these statements requires the formation or construction of the appropriate mathematical concepts.
Are there any limitations in the understanding of mathematical concepts learnt through the use of physical objects and concrete manipulatives from the external world? Skemp (1964) agrees fully with Diennes that to enable a learner to form a new concept, we must give him (or her) a number of different examples from which to form the concept in his or her own mind – for this purpose some clever and attractive concrete embodiments (or representations) of algebraic concepts in the form of balances, peg-boards, coloured shapes and frames and the like are available.
However, these concrete embodiments fail to take into account the essential difference between primary and higher order concepts – that is, only primary concepts can be exemplified in physical or concrete objects, and higher order concepts can only be symbolised.
To explain this, think of the concept 3 + 4 = 7, which can be demonstrated physically with three blocks and four blocks or with beads or coins, But 
3x + 4x = 7x
is a statement that generalises what is common to all statements such as 
3  5 + 4  5 = 7  5 
3  8 + 4  8 = 7  8 etc.
And which ignores particular results such as:
3  5 + 4  5 = 35.
Do you agree, therefore, that understanding of the algebraic statement is derived from a discovery of what is common to all arithmetical statements of this kind, not of what is common to any act or actions with physical objects?
As new concepts and relationships are being assimilated in the network of connected ideas, the direction of progress is never away from the primary concepts. This progress results in the dependence of secondary concepts upon primary concepts. Once concepts are sufficiently well formed and independent of their origins, they become the generators of the next higher set – and in so doing lead to the construction of a hierarchy of concepts.
Van de Walle (2004: 26) cautions us that the use of physical (or concrete) objects in teaching may compromise meaningful understanding of concepts. This happens if there are insufficient opportunities for the learner to generalise the concept: 
Diennes’ blocks are commonly used to represent ones, tens and hundreds. Learners who have seen pictures of these or have used actual blocks may labour under the misconception that the rod is the ‘ten’ piece and the large square block is the ‘hundreds’ piece. Does this mean that they have constructed the concepts of ten and hundred? All that is known for sure is that they have learned the names for these objects, the conventional names of the blocks. The mathematical concept of ten is that a ten is the same as ten ones. Ten is not a rod. The concept is the relationship between the rod and the small cube – the concept is not the rod or a bundle of ten sticks or any other model of a ten. This relationship called ‘ten’ must be created by learners in their own minds.
Here is another interesting example that distinguishes the concept from the physical object. In this example the shapes are used to represent wholes and parts of wholes, in other words, this is an example dealing with the concept of a fraction.
Reflect carefully on the three shapes (A, B and C) which can be used to represent different relationships.
 (
A
B
C
)
If we call shape B ‘one’ or a whole, then we might refer to shape A as ‘one-half ‘. The idea of ‘half’ is the relationship between shapes A and B, a relationship that must be constructed in our mind as it is not in the rectangle. 
If we decide to call shape C the whole, shape A now becomes ‘one-fourth’. The physical model of the rectangle did not change in any way. You will agree that the concepts of ‘half’ and ‘fourth’ are not in rectangle A – we construct them in our mind. The rectangles help us to ‘see’ the relationship, but what we see are rectangles, not concepts. Assigning different rectangles the status of the ‘whole’ can lead to generalisation of the concept.
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Activity 2.10
	The formation of concepts
For this activity you are required to reflect on conceptual knowledge in mathematics.
1	Richard R Skemp states that ‘mathematics is not a collection of facts which can be demonstrated and verified in the physical world, but a structure of closely related concepts, arrived at by a process of pure thought’.
· Discuss the above statement critically with fellow teachers of mathematics. Take into account how concepts and logical relationships are constructed internally and exist in the mind as part of a network of ideas.
· In the light of the above statement explain what Skemp means when he refers to ‘reflective intelligence’ (the ability of the mind to turn inwards on itself).
· Why are ‘scientific concepts’ different from ‘mathematical concepts’?  Explain this difference clearly using appropriate examples.
2	Skemp points out that to help a learner construct a concept in a field of experience which is quite new to him or her, we must do two things. Mention the two activities that the teacher needs to follow to help the learner acquire ‘primary concepts’, ‘secondary concepts’, and other concepts in the hierarchy of concepts. 
3	Skemp distinguishes between ‘primary concepts’ and ‘secondary concepts’ in the learning of mathematics. Reflect on the difference between concepts which are on different levels. Name some secondary concepts that learners in the Senior Phase may encounter.
4	Analyse the three shapes (A, B and C) shown in the text on the previous page. Explain why the concepts ‘half’ and ‘quarter’ are not physically in rectangle A – but in the mind of the learner. Explain the implications of this for teaching using manipulatives (concrete apparatus).


[bookmark: _Toc202486335][bookmark: _Toc224225406][bookmark: _Toc225835737]Procedural knowledge of mathematics
Procedural knowledge of mathematics is knowledge of the rules and procedures that one uses in carrying out routine mathematical tasks. It includes the symbolism that is used to represent mathematics.
You could, therefore, infer that knowledge of mathematics consists of more than concepts. Step-by-step procedures exist for performing tasks such as:
2(x + y) 	(distributive property)
Dx x2 = 2x	(differentiation of x2)
2x+ 3 = x  5	(solving a linear equation)
and so on.
Concepts are represented by special words and mathematical symbols (such as   , =, <  , >, //, ≡, ABC = 45 and so on). These procedures and symbols can be connected to or supported by concepts  but very few cognitive relationships are needed to have knowledge of a procedure (since these could be diligently memorized through drill and practice).
In mathematics, we use a number of different symbols which indicate procedures that need to be followed. For example, if we write (8 + 7)  3 + 10, it means a different procedure has to be followed than if we write this as 8 + 7  (3 + 10). We get different answers when we follow the different procedures. So we find that
(8 + 7)  3 + 10 = 15  3 + 10 = 5 + 10 = 15 and


8 + 7  (3 + 10) = 15  13 =  = 
In algebra: 
(a + b) ÷ c + d
a + b ÷ (c + d)
(a + b) ÷ (c + d)
Write these as algebraic expressions without the ÷ sign.
However, the meaning we attach to symbolic knowledge depends on how it is understood – what concepts and other ideas we connect to the symbols. 
What are procedures? These are the step-by-step routines learned to accomplish some task - like a computation in the classroom situation.
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Activity 2.11
	Procedures
1	Reflect on the following example of a procedure:
	Factorise: x2  2y + yx  2x 
To factorise the expression we go through the following procedure
x2 + yx  2x  2y	Rearrange terms
= (x2 + yx)  (2x + 2y)	Group terms 	Watch out for the minus sign!
= x(x + y)  2 (x + y)	Factorise each bracket (take out common factor)
= (x + y)(x  2)	Take out the common bracket
Can you factorise this expression without grouping the terms?
2	Give another example for a procedure for the purpose of factorisation. Describe the step-by-step procedure. 



We can say that someone who can work through the variations of the procedures in activity 10 has knowledge of those procedures. The conceptual understanding that may or may not support the procedural knowledge can vary considerably from one learner to the next. 
In mathematics, we often use the term ‘algorithm’ to refer to a procedure. An algorithm, according to Njisane (Moodly: 1992), is 
a procedure which consists of a finite number of steps that lead to a result. 

A simple example of an algorithm is the set of steps used to perform the addition of fractions,  e.g. 
The use of algorithms is often helpful, but, to be helpful, algorithms must be understood. Njisane (Moodly: 1992) comments that an algorithm which is properly understood may free the mind for further thinking whereas using an algorithm without insight may be frustrating. This is the difference between the 'how' and 'why' or between procedural and relational understanding (that is, forming a network of connected ideas). If the procedure refers to what we do when following a set of steps, then relational understanding refers to why we do whatever we do.
[bookmark: _Toc202486336][bookmark: _Toc224225407][bookmark: _Toc225835738]Procedural knowledge and doing mathematics
As you read further it will be important for you to understand why the connections between procedural knowledge and the underlying conceptual knowledge and relationships are vital for the construction of relational understanding in mathematics. You will also see that the ability to make connections plays a very important role both in learning and in 'doing' mathematics.
· Algorithmic procedures help us to do routine tasks easily and, thus, free our minds to concentrate on more important tasks (like thinking out problem-solving strategies for example).
· Symbolism (which is part of procedural knowledge) is a powerful mechanism for conveying mathematical ideas to others and for manipulating an idea as we do mathematics.
· Efficient use of the procedures and symbolism of mathematics does not necessarily imply an understanding of these things. 
For example, think of the endless long-division and long-multiplications exercises in the classroom. Will these algorithmic exercises help the learner understand what division and multiplication mean? Carrying out the step-by-step computation does not necessarily translate into understanding the underlying concepts and relationships. In fact, learners who are skilful with a particular procedure are often reluctant to attach meaning to it after the fact.
Why the focus on concept and relationships?  Recall that we said that learning and thinking cannot be separated from each other. 
If the focus of learning is on the acquisition of specific skills, facts, procedures and the memorisation of information and rules, then thinking is suppressed. The learner requires concepts and information in order to think and he or she will think according to the knowledge already at his or her disposal. As mentioned before, you should reflect on how the weight of facts, rules and procedures robs the learner of the potential excitement of relating concepts to one another and the possibility of divergent and creative thinking. It also instils in the learner the habit of separating thinking and learning, and it often leaves learners with feelings of low self-esteem (Grossman: 1986). Procedural knowledge with little or no attached meaning results in inflicting on the learner the manipulation of symbols according to a number of rote memorised rules, which makes learning much harder to remember than an integrated conceptual structure – a network of connected ideas.
To construct and understand a new idea (or concept) requires active thinking about it. Recall again that mathematical ideas cannot be 'poured into' a passive learner. They must be mentally active for learning to take place – they must be seriously engaged in 'doing mathematics'. In the classroom, the learners must be encouraged to:
· grapple with new ideas 
· work at fitting them into existing networks
· and to challenge their own ideas and those of others.
Simply put, constructing knowledge requires reflective thought, actively thinking about or mentally working on an idea – all this to overcome the acquisition of procedural knowledge without relational understanding.
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Activity 2.12
	Meaningful constructing of procedural knowledge
Reflect on the following statement:
From the view of learning mathematics, the question of how procedures and conceptual ideas can be linked is much more important than the usefulness of the standard procedure.



[bookmark: _Toc202486347][bookmark: _Toc224225410][bookmark: _Toc225835739]The role of models in developing understanding
Today we find common agreement that effective mathematics instruction in the primary grades includes liberal use of concrete materials. However, we shouldn’t simply use concrete materials uncritically in the teaching of mathematics. The aim in this section is to reflect on how to use concrete materials and models in teaching judiciously and reflectively for understanding.
Our primary question should always be:
What in principle, do I want my learners to understand?
But too often it is, 
What shall I have my learners learn to do?
If you can answer only the second question, then you have not given sufficient thought to what you hope to achieve by a particular set of instructions on the use of models. The activities that you plan for your learners to do must be guided by what you would like them to understand.
Manipulatives, or concrete, physical materials used to model mathematical concepts, are certainly important tools available for helping children learn mathematics, but they are not the miracle cure that some educators seem to believe them to be.
It is important that you have a good perspective on how manipulatives (concrete, physical models) can help or fail to help learners to construct ideas.
[bookmark: _Toc202486348][bookmark: _Toc224225411][bookmark: _Toc225835740]Models for mathematical concepts
Mathematical concepts have only mental existence - that is, the subject matter of mathematics is not to be found in the external world, accessible to our vision, hearing and other sense organs. We can only ‘do’ mathematics because our minds have what Skemp (1964) refers to as 'reflective intelligence': the ability of the mind to turn away from the physical world and turn towards itself. We can use physical objects to represent mathematical ideas, and to help us in the teaching of these ideas, but in the end, the learner has to form the idea in his/her own head, as a concept, unattached to any real object. 
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Activity 2.13
	Models
1	You may talk of 100 people, 100 rand or 100 acts of kindness. Reflect on the above statement and then explain what is meant by the concept of 100. Discuss this concept of 100 with fellow colleagues. If you do not agree, establish why there is a difference of opinion in your understanding.
2	Explain what a 'model' for a mathematical concept refers to. Provide an example.
3	List some models (apparatus/manipulatives) that you have used in your mathematics teaching. Indicate in each case how you have used the particular model mentioned.
4	Why is it not correct to say that a model illustrates a concept? Explain your answer.



Seeing mathematical ideas in materials can be challenging. The material may be physical (or visual) but the idea that learners are intended to see is not in the material. The idea, according to Thompson (1994: Arithmetic Teacher) is in the way the learner understands the material and understands his or her actions with it. Let’s follow this idea through by considering the use of models in the teaching of fractions. 
A common approach to teaching fractions is to have learners consider collections of objects, some of which are distinct from the rest as depicted in the following figure:

 (
What does this collection represent?
)

The above collection is certainly concrete (or visual). But what does it mean to the learners?
Three circles out of five? If so, they see a part and a whole, but not a fraction.
Three-fifths of one? Perhaps. Depending on how they think of the circle and collections, they could also see three-fifths of five, five-thirds of one, or five-thirds of three.
Thompson (1994) provides the following example of multiple interpretations of materials (or models) of the figure you see on the next page.
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Activity 2.14
	Multiple interpretations of models
Various ways to think about the circles and collections in the figure:
1	If we see                                                   as one collection, then         is one fifth of one, so,                             is three-fifths of one.

2	If we see                                 as one collection, then           is one-third of one, so,                                               
                                                is five thirds of one.

3	If we see           as one circle then                                              is five 
circles, so         is one-fifth of five and                        is three-fifths of five.

4	If we see           as one circle and                              as three circles, 
so         is one-third of three and                                  	           is five- thirds of three.
5	Analyse each example in the above figures in order to reach a specific interpretation of the fraction involved.
6	It is important for learners to construct multiple interpretations of materials (or physical models). Discuss the implications of multiple interpretations with fellow colleagues in mathematics teaching.
7	Present this example to learners at your school and then direct them to make multiple interpretations. Observe the learners’ activities during this lesson. Record your observations.
8	Discuss your observations of the lesson above. 


A teacher of mathematics needs to be aware of multiple interpretations of models in order to hear the different hints that learners actually come up with. Without this awareness it is easy to presume that learners see what we intend them to see, and communication between teacher and learner can break down when learners see something different from what we presume.
Good models (or concrete materials) can be an effective aid to the learners' thinking and to successful teaching. However, effectiveness is dependent on what you are trying to achieve. To make maximum use of the learners' use of models, you as the teacher must continually direct your actions, keeping in mind the question: What do I want my learners to understand? The question that follows this is: How will I know that my learners understand it? Your assessment of the learners will enable you to answer this question. The unit on assessment in this guide will help you to answer this question. Learning and assessment are integral processes which inform each other.
Remember that we construct the concept or relationship in our minds – so that the learner needs to separate the physical model from the relationship that is imposed on the model in order to ‘see’ the concept. Models can be effectively used in the teaching of place value to young learners.

Take note of the very important question posed by Van de Walle (2004) with regard to models:
If the concept does not come from the model – and it does not – how does the model help the learner get it?
Perhaps the answer lies in the notion of an evolving idea.
New ideas are formulated or connected little by little over time. In the process, learners:
· reflect on their new ideas
· test these ideas through many different avenues
· discuss and engage in group work
· talk through the idea, listen to others
· argue for a viewpoint, describe and explain.
These are mentally active ways of testing an emerging idea against external reality. As this testing process goes on, the developing idea gets modified, elaborated and further integrated with existing ideas. Hence models can play this same role, that of a testing ground for emerging ideas.
When there is a good fit with external reality, the likelihood of a correct concept having been formed is high.
[bookmark: _Toc202486351][bookmark: _Toc224225414][bookmark: _Toc225835741]Explaining the idea of a model
Van de Walle (2004) concurs with Lesch, Post and Behr in identifying five 'representations' or models for concepts. These are:
· manipulative models
· pictures
· written symbols
· oral language
· real-world situations.
· mental models
One of the things learners need to do is move between these various representations – for example, by explaining in oral language the procedures that symbols refer to, or writing down a formula that expresses a relationship between two objects in the real world. Researchers have found that those learners who cannot move between representations in this way are the same learners who have difficulty solving problems and understanding computations.
So it is very important to help learners move between and among these representations, because it will improve the growth and construction of conceptual understanding. The more ways the learner is given to think about and test out an emerging idea, the better chance it has of being formed correctly and integrated into a rich web of ideas and relational understanding.
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Activity 2.15
	Expanding the idea of a model
1	Reflect on the translations between and within each representation given above which can help develop a new concept.
2	With the help of colleagues, identify an appropriate mathematical example that explains a translation between different representations – to help develop new concepts.
3	Give your own examples of mental models.



If the task requires finding the area of a rectangle, look at the following example of translations between different model representations.
Real-world situation: Find the area of a rectangular kitchen floor, a soccer field or a hockey track and so on.
Manipulative models: Make use of a geoboard or dot paper, and so on.
Written symbols:	Area (A) = 7  4  = 28 square units
	General rule:   A = l  b
Oral language: The area is the total number of square units that cover the surface of the rectangle.
Pictures: Make scale drawings of rectangles showing the units used for calculation.

 (
 
l
 
Area = 28 square units
 
b
 
)









[bookmark: _Toc202486352][bookmark: _Toc224225415][bookmark: _Toc225835742]Using models in the classroom
Models can be used in the following way to develop new concepts:
1	When the learner is in the process of creating the concept and uses the models to test an emerging idea.
2	When the teacher wants learners  to think with models, to work actively at the test – revise – test – revise process until the new concept fits with the physical model he or she has offered (note: a teacher should only provide models on which a mathematical relationship or concept can be imposed).
3	When the teacher wants learners to connect symbols and concepts.
4	When learners already have ideas, and can make sense of written mathematics as expressions or recordings of these ideas in symbolic form. 
Models can be used to assess learners' understanding of concepts:
· When learners use models in ways that make sense to them, classroom observation becomes possible.
· Learners can explain with manipulative materials (or drawings) the ideas they have constructed.
· They can draw pictures to show what they are thinking.
[bookmark: _Toc225835743]Resources
It is a very good idea for you to build up a resource room, or box, depending on your constraints. You don’t have to spend a lot of money to do so, as there are many things that you can use as mathematical models which can be made from waste materials. Some mathematics Teacher Centres, and also mathematics teacher education projects attached to universities have well-established resource rooms that you could visit to inspire you when you start to build up your own collection of resources. Here are some ideas of resources you can start to collect and use, depending on the grades you are teaching.
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Activity 2.16
	Make a list of the physical models or resources that you have collected, and describe what you are using them for.



[bookmark: _Toc202486354][bookmark: _Toc224225417][bookmark: _Toc225835744]Strategies for effective teaching
In concluding this unit we pose a critical question for the teacher who wants to teach for understanding: 
How can you construct lessons to promote appropriate reflective thought on the part of the learners? 
Purposeful mental engagement or reflective thought about the ideas we want students to develop is the single most important key to effective teaching. If the learners do not think actively about the important concepts of the lesson, learning simply will not take place. How can we make it happen?
Van de Walle (2004) provides us with the following seven effective suggestions that could empower the teacher to teach developmentally:
1	Create a mathematical environment.
2	Pose worthwhile mathematical tasks.
3	Use cooperative learning groups.
4	Use models and calculators as thinking tools.
5	Encourage discourse and writing.
6	Require justification of learners' responses.
7	Listen actively.
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Activity 2.17
	Strategies for effective teaching
Reflect on the seven strategies given above for effective teaching of mathematics
1	Go through the list of strategies and tick off the ones you use in the classroom.
2	In what way do these strategies support a developmental approach to teaching mathematics? 
3	From the seven strategies for effective teaching, pick three that you think are the most important. Motivate your responses in terms of how children learn.
4	You may discuss your responses with members of your group of fellow mathematics teachers. Do they concur with you? Take note of their views.


[bookmark: _Toc224225418][bookmark: _Toc225835745]Unit Summary
In this unit, a distinction has been drawn between two approaches to the teaching of mathematics – rote learning versus reasoning and understanding. Similar distinctions have been made by others. For example, Garofalo and Mtetwa (1990) distinguish between two approaches that they believe actually teach two different kinds of mathematics:
· one based on instrumental understanding – using rules without understanding, and
· another based on relational understanding – knowing what to do and why.
Instrumental understanding is easier to achieve, and because less knowledge is involved, it leads to correct answers rather quickly. 
However, there are more powerful advantages to relational understanding. 
· It is more adaptable to new situations;
· Once learned, it is easier to remember, because when learners know why formulas and procedures work, they are better able to assess their applicability to new situations and make alterations when necessary and possible.
Also, when learners can see how various concepts and procedures relate to each other, they can remember parts of a connected whole, rather than separate items. Relational mathematics may be more satisfying than instrumental mathematics.
Teaching mathematics for understanding means involving the learners in activities and tasks that call on them to reason and communicate their reasoning, rather than to reproduce memorised rules and procedures. The classroom atmosphere should be non-threatening and supportive and encourage the verbalisation and justification of thoughts, actions and conclusions. 
This study unit focuses on developing understanding in mathematics. In the unit it is suggested that this can be done through the purposeful use and implementation of a widely accepted theory, known as constructivism. 
According to this theory, learners must be active participants in the development of their own understanding. They construct their own knowledge, giving their own meaning to things they perceive or think about. The tools that learners use to build understanding are their own existing ideas – the knowledge they already possess. All mathematical concepts and relationships are constructed internally and exist in the mind as a part of a network of ideas. These are not transmitted by the teacher. Existing ideas are connected to the new emerging idea because they give meaning to it – the learners must be mentally active to give meaning to it. Constructing knowledge requires reflective thought, actively thinking about or mentally working on an idea. Ideas are constructed, or are made meaningful when the learner integrates them into existing structures of knowledge (or cognitive schemas). As learning occurs, the networks are rearranged, added or modified. 
The general principles of constructivism are largely based on Piaget's principles of
· Assimilation (the use of existing schemas to give meaning to experiences)
· Accommodation (altering existing ways of viewing ideas that contradict or do not fit into existing schema).
· The constructivist classroom is a place where all learners can be involved in: 
· sharing and socially interacting (cooperative learning)
· inventing and investigating new ideas
· challenging
· negotiating
· solving problems
· conjecturing
· generalising
· testing.
Take note that the main focus of constructivism lies in the mentally active movement from instrumental learning along a continuum of connected ideas to relational understanding. That is, from a situation of isolated and unconnected ideas to a network of interrelated ideas. The process requires reflective thought – active thinking and mentally working on an idea.

[bookmark: _Toc224225419][bookmark: _Toc225835746][image: ]	Self assessment
Tick the boxes to assess whether you have achieved the outcomes for this unit. If you cannot tick the boxes, you should go back and work through the relevant part of the unit again.
I am able to:

	#
	Checklist
	

	1
	Critically reflect on the constructivist approach as an approach to learning mathematics.
	

	2
	Cite with understanding some examples of constructed learning as opposed to rote learning.
	

	3
	Explain with insight the term 'understanding' in terms of the measure of quality and quantity of connections.
	

	4
	Motivate with insight the benefits of relational understanding.
	

	5
	Distinguish and explain the difference between the two types of knowledge in mathematics, conceptual knowledge and procedural knowledge.
	

	6
	Critically discuss the role of models in developing understanding in mathematics (using a few examples).
	

	7
	Motivate for the three related uses of models in a developmental approach to teaching.
	

	8
	Describe the foundations of a developmental approach based on a constructivist view of learning.
	

	9
	Evaluate the seven strategies for effective teaching based on the perspectives of this chapter.
	




[bookmark: _Toc224225420][bookmark: _Toc225835747][image: ]References
Farrell, MA & Falmer, A (1980). Systematic Instruction in Mathematics for the Middle and High School Years. Addison Wesley: Massachusetts.
Garofalo, J & Mtetwa, DK (1990) Mathematics as reasoning. Arithmetic Teacher 37, (5) NCTM.
Grossman, R (1986). A finger on mathematics. RL Esson & Co. Ltd. 
Njisane, RA (1992). Mathematical Thinking. In Moodley, Mathematics education for in-service and pre-service teachers. Shuter and Shooter: Pietermaritzburg.
Penlington, T (2000). The four basic operations. ACE lecture notes. RUMEP, Rhodes University, Grahamstown.
RADMASTE Centre, University of the Witwatersrand (2006). Number Algebra and Pattern. (EDUC 264).
Reber, AS (1985). The Penguin Dictionary of Psychology. Penguin: London.
Skemp, RR (1964).A three-part theory for learning mathematics. In FW Land, New Approaches to Mathematics Teaching. Macmillan & Co. Ltd: London.
Thompson, PW (1994). Concrete materials and teaching for mathematical understanding. In Arithmetic Teacher 41 (9) NCTM
Trapton, P (1986). Mathematical learning in early childhood. NCTM 37th Yearbook.
Van de Walle, JA (2004). Elementary and middle school mathematics – teaching developmentally. Pearson: New York
Van Heerden, J. With Brown, C. 2003. Numeracy 2 – Only study guide for NPD005-9. National Diploma in Education. Pretoria: UNISA.

	Unit two 	Developing understanding in Mathematics
	



	
	Unit two	Developing understanding in Mathematics




[bookmark: _Toc225835748]Unit Three 	Mathematics in the FET Phase
In this unit we will be looking at some common misconceptions that our learners have with regards to various topics. Before you work through this unit, read the article by Alwyn Olivier, “Handling pupils misconceptions”.  (See Appendix A on page 176)
We also offer some useful tips on the teaching of Mathematics in the FET Phase.
You will come across several activities that can be given to learners in your class, to improve a deeper understanding of Mathematics concepts. 
You will be expected to do some activities yourself, but for others, you must give the activities to your learners. 
[bookmark: _Toc225835749]	Unit outcomes
Upon completion of Unit Three you will:

· Get a closer look at the conceptions and misconceptions of learners in the FET Phase 
· Get a better understanding of how to cope with a problem solving approach in FET Mathematics 
[bookmark: _Toc225835750]Teaching of number sense
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Activity 3.1
	Classification of numbers
The following is an activity that can be given to learners to discuss in groups.
Description: Assign one or two of the following categories of numbers to each group.
· Whole numbers
· Natural numbers
· Integers
· Fractions
· Decimals
· Rational and Irrational numbers
· Algebraic numbers
· Real numbers
· Complex numbers
· Prime numbers
For each category of numbers, explain and provide examples to illustrate the terminology, and where conventions notations exits, state the set notation.




The purpose of this activity
This activity not only gets learners to revisit the various categories of numbers covered in GET band, but it also provides with a fuller picture of number classification as to enhance their understanding of the relationship between numbers. This would help learners to get a bigger picture, and thus promote a more holistic rather that piecemeal understanding of their mathematical learning. 
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Activity 3.2
	Number concepts
The following is an activity that can be given to learners to discuss in groups.
Assign one question per group
1	Show that 2 is irrational 
	Can you show that 3 is irrational?
	Next, can you show that p where p is a prime number, is irrational?
2	Express  as a fraction
	Is ? Explain
3	What is  ?
	What is  ?
	What is   ? So what is  ?
4	What do you understand by “no answer” versus “cannot be solved” and “well defined” versus “undefined”?
5	Is 1 a prime number? Why?
	Is 3427 a prime number? How do you know?
6	How many prime numbers are there? Can you prove your answer?
7	Prove that log2 5 is an irrational number
8	In his book “Liber Acci”, Fibonacci showed that all Pythagoras triples are generated by the formula: 
z2 = x2 + y2 , where
x = 2mn
y = m2  n2
z = m2 + n2 
	Investigate this, by substitution




The purpose of this activity
This activity is to encourage learners to examine some issues that are closely related to the FET curriculum. The experience can provide learners with some necessary background knowledge with regards to understanding of number concepts.
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Activity 3.3
	Do you understand percentages?
State whether each of the following is true or false. Explain your answer. 
1	A is   of B means that B is  of A.
2	A is   of B means that B is  of A.
3	If A is 5% more that B, the B is 5% less that A
4	If A increases by 8% and then decreases by 8%, then the result is equal to A.
5	If A increases by 10% and then further increases by 5%, then the overall increase is 15% of A.
6	A is given a 5% increase followed by a 10% decrease. This is the same as when A is given a 10% decrease followed by a 5% increase.
7	In a class, the ratio of the number of boys to the number of girls is 3:4. The number of boys is 75% of the number of students in the class,
8	The number of boys in the class is 45% and the number of girls is 55%. This means that the number of girls is 10% more than the number of boys.
9	The number of boys in the class is 45% and the number of girls is 55%. This means the number of girls is more than the number of boys by 10% of the class. 
10	In a class, there are 20% more girls than boys. This means 60% of the class are boys and 40% are boys.



The purpose of this activity
These questions are derived from common misconceptions that students bring from primary school mathematics. Teachers should be aware of these in their teaching when percentages are involved. 
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Activity 3.4
	Prime numbers
Use the sieve of Eratosthenes to find the prime numbers between 1 and 100
The sieve of Eratosthenes
In about 200BC, the Greek Eratosthenes devised a procedure called the “Sieve of Eratosthenes” to fine primes.
Visit the website http://www-groups.dcs.st-and.ac.uk/history/

	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	11
	12
	13
	14
	15
	16
	17
	18
	19
	20

	21
	22
	23
	24
	25
	26
	27
	28
	29
	30

	31
	32
	33
	34
	35
	36
	37
	38
	39
	40

	41
	42
	43
	44
	45
	46
	47
	48
	49
	50

	51
	52
	53
	54
	55
	56
	57
	58
	59
	60

	61
	62
	63
	64
	65
	66
	67
	68
	69
	70

	71
	72
	73
	74
	75
	76
	77
	78
	79
	80

	81
	82
	83
	84
	85
	86
	87
	88
	89
	90

	91
	92
	93
	94
	95
	96
	97
	98
	99
	100


I am sure you have come across this method of crossing out composite numbers. 
Method: 
· Cross out 1. 	1 is not prime. Do you know why?
· Circle 2. 	2 is a prime number.
· Cross out all the multiples of 2
· Circle 3. 	3 is a prime number.
· Cross out all the multiples of 3
· Carry on in the manner.
How many prime numbers are there between 1 and 100? 
List them.
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Activity 3.5
	More about prime numbers
Another way to determine whether a number or prime or not, is by trial division. 
Here you have to know the rules of division. 
1	How do you know that 3, 5, 7, 11 is a divisor of a number? Do you know how to check if a number is divisible by 11?
2	Show how you would use trail division to determine if 2357 is prime.
Here is a hint:
2357 ≈ 48
3	Test for all prime numbers from 1 – 48. Can you explain why you only have to test for these numbers?
Visit the website: http://www.utm.edu/research/primes/notes/faq/
4	Answer the following questions:
· Is 1 a prime number? Explain
· Are all the prime numbers odd numbers? Explain.
· What is the largest prime number discovered?
· What is a perfect number? How is it related to prime numbers?



[bookmark: _Toc225835751]Teaching of algebra 
What are the difficulties learners encounter in algebra? 
An understanding of learners’ difficulties is helpful for your instructional strategies. The teacher should be aware of these problems, why they occur, and how they can be remediated. 
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Activity 3.6
	Read the article “Reconceptualising School Algebra” (see appendix D)
Several obstacles in the teaching and learning of algebra are elaborated on in this article.
What is the “main message of this article? Write you own reflection on this article in about 2 pages. (you might have to read the article more than once)



[bookmark: _Toc225835752]The syntax of algebra
The syntax of algebra is not obvious, and should be learned though construction and meaning. Learners should provided by enough translation activities. 

By this I do not mean that they have to simply be exposed to the usual textbook activities such as “write an algebraic expression for a plus b”

Let us look at this situation:
Teachers often tell learners that you cannot add a and b.
They say: a + b cannot be added, because you cannot add apples to bananas. 
What the misconception here is that “a” actually stands for the “number” and ”b” stands for a “different number”, and because we do not know what these numbers are, we have to keep it as 
“a + b”
But now, if I tell you that a = 4 and b = 7, then you can add them, to get 11. So then you actually did add apples and bananas!

Now when it comes to a × b, they tell learners that it is safe to multiply “apples” and “bananas”, and you can write ab.
What learners need to know is that mathematics has some conventions. Mathematicians merely decided that we can write ab instead of a × b, because we all understand it to mean 
“a multiplied by b”. 

Another way that teachers sometimes explain the adding of like terms is to say:
4a + 7a = 11a, because 4 apples plus 7 apples is equal to 11 apples. 
But mathematically it means that “a” represents the SAME NUMBER. 

Say a = 3, then we have:
4(3) + 7(3) = 3(4 + 7) = 3 × 11 = 33
So we can simply add the two terms, because “a” has the same value in both terms.

It is very useful for teachers to use verbal expressions when “reading” algebra. 
For example, if you read an equation:
2x  1 = 11
You should read it as: “If you double a certain number and subtract 1 from it, you must give you 11”
Do you understand how you can make algebra more understanding for you learners?
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Activity 3.7
	Reading expressions
1	If you teach the solution of equations by applying rules only, how would you solve the following equations? Explain the steps.

a	  = 12

b	   1= 11

2	If you “read” the equation, what would you say? Can the equations now be solved by inspection?

a	  = 12

b	  1= 11
3	What is the purpose of this activity?




Learners have difficulties in understanding the following readings:
Jack is five times as old as Mark. If Jack is x year old, how old is Mark?
Jack is five times as old as Mark. If Mark is x year old, how old is Jack?
Can you see that the choice of the value of x can be confusing?

Another example:
Write an algebraic expression for the statement:
“for every teacher, there are 35 learners”
Learners are very likely to write t = 35l , instead of l = 35t 
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Activity 3.8
	Interpreting algebraic expressions
Try the following activity for the understanding of algebraic expressions:
Thabo says that (a + b)2 is the same as a2 + b2
Jean says that (a + b)2 is the more than a2 + b2
Fatima says that (a + b)2 is the less than a2 + b2
By trying out a few examples, decide who is most likely to be correct.

	a
	b
	a2
	b2
	a2 + b2
	a + b
	(a + b)2
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Activity 3.9
	Number patterns and understanding of functions


This is a pattern of a house:	This is a pattern of two houses:


This is a pattern of three houses:

Complete the table

	Number of houses
	Number of squares
	Number of triangles
	Number of pieces (sticks)

	1
	
	
	

	2
	
	
	

	3
	
	
	

	4
	
	
	

	5
	
	
	

	10
	
	
	

	20
	
	
	

	50
	
	
	



	Number of houses
	Number of squares
	Number of triangles
	Number of pieces (sticks)

	a
	
	
	

	
	b
	
	

	
	
	c
	

	
	
	
	d







Look at the way in which this equation can be solved.
Solve for x



Here are some questions that could guide your learners in the process of solving the equation:

1	What does it mean to solve an equation?
2	What is the value of   ?
3	What is the value of   ?
4	What is the value of   ?
5	What is the value of 7  x  ?
6	What is the value of x  ?
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Activity 3.10
	Solving an equation
1	Draw a flow diagram to show how you can “read” the equation.

2	Now draw up a “reverse” flow diagram to show how this equation can be solved



[bookmark: _Toc225835753]Misconceptions in algebra
Learners often get confuse about the “rules” with exponents, because they try to memorise the rules regarding multiplication, division and raising of a power in exponential expressions, and then confuse these with the rules for basic operations. 
Here are a few misconceptions which learners have with regards to the “rules” of exponents. 
a m + an = a(m + n) 
a m × bn = (ab)mn
am + bm = (a + b)m
a3 × a2 = a6
a10 ÷ a2 = a5
a10 ÷ b2 = 5
a2b5 = (ab)7
(a5)2 = a7

A serious error that many teachers and students make is the following:

  = 
Do you agree with the above statements?
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Activity 3.11
	Understanding exponents
1	How will you explain to a learner that a0 = 1 ?
2	When do you use the terms “power”, “indices” or “exponent” Are these terms interchangeable?




[bookmark: _Toc225835754]Quadratic functions
General form	f(x) = ax2 + bx + c 

“Quadratic functions” are closely related to “quadratic equations”, and learners often confuse these two. They also confuse it with the concept “quadratic expression” 
Attention should be given to learners about the following differences and connections:
· “roots of a quadratics equation” and “zeros of a quadratic function”
· “solving a quadratic equation” and  “factorising a quadratic expression”
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Activity 3.12
	Understanding terminology
Learners often do not know what the relation is between “completing the square” and the “quadratics formula”. How is the quadratic formula derived?




Learners often says that an equation such as 
 x2 + 2x + 1 = 0 has only one root, instead of saying that is has two identical roots. 
(x + 1)( x + 1) = 0
x = 1 or x = 1.
[bookmark: _Toc225835755]Exponential functions
The relation between the exponential and logarithmic function is not always understood. 
Learners sometimes think that 0,25 is negative, but log 0,5 is positive!
How will you overcome this misconception?
The laws of indices and the laws of logs should be compared for learners to have an understanding of these.
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Activity 3.13
	Logarithms
Investigate the common mistakes that learners have with regards to log expressions and log laws. How will you address these?





[bookmark: _Toc225835756]Inequalities
There are several misconceptions that learners can have with regards to inequalities. Some of these are conceptual, and learners seem to be making these mistakes over and over. One of the reasons could be that they do not have a firm understanding of the basic concepts in algebra. In the activity below you will be expected to clarify the misconception. 
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Activity 3.14
	Inequalities
1	Are the following statements true or false? Explain your answer.
a	2a > a 
b	2 + a > a
c	a2 > 0
d	 > 0
e	If a2 > b2, then a > b
	Or conversely, if a > b , will a2 > b2?
	What about if a3 > b3, then will a > b?
f	If a > b, then will ac > bc? When is it true?
g	If a > b, then will a + c > b + c? When will this be true?
h	If   then will ad > bc? Will this always be true?

2	Prove that , where a and b are real numbers such that a + b  0 and n is a positive integer.

3	Show three different ways to solve the inequality x2  x + 6 < 0

4	Write a short essay in which you reflect on your experiences regarding the teaching on the topic of inequalities that you received. 







[bookmark: _Toc225835757]Teaching of graphs 
Learners have several misconceptions with regards to graphs.

1	Continuity 
Example
Consider the graph of y = x2
Learners will typically draw up a table with a set of x values, and calculate the corresponding yvalues.
Then teachers tell them to join the points to make a smooth graph. 
Why does it form a smooth curve?
The concept of continuity is not well understood. Students seem to think that the points in their table are the only points on the graph, not knowing that there are many more points other than those that they have plotted. They are not aware of the fact that the graph can be extended continuously and that there is an infinite number of points lying on the graph, and not only the ones that they have plotted. 

2	Gradient 
Learners often have difficulty in interpreting the gradient of a straight line. The gradient is the ratio of the vertical distance to the horizontal distance. 
What learners also find difficult is to understand that the gradient of a straight line is constant, but the average gradient of any two points on a curve (such as a parabola) depends on the values of a and b in the function y = ax2 + bx + c.
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Activity 3.15
	Average gradient
Draw the graph of y = x2  2x  3
Find the average gradient of the curve between the values x = 3 and x = 3.
What is the meaning of the “average” gradient?




3	Poor quality
Some learners produce poor quality graphs. The lines are thickly shaded and disjointed. Some learners simply join the plotted point from the table of points.
We find this commonly in trigonometric graphs. Learners should have good guidance in the shape the graphs of trigonometric functions. 

A learner in your grade 11 class draws the sin graph like this:



[image: ]








You "tell" her that it is incorrect, and that the sine graph should look like this:
[image: ]
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Activity 3.16
	Drawing a proper trig graph
Explain in detail how you would guide this learner to draw a proper sin curve.
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Activity 3.17
	Drawing a tangent at a point on a graph
Describe how you will teach your learners the technique of drawing, as accurately as possible, the tangent to a curve at a given point. You must provide an example.






[bookmark: _Toc225835758]Interpreting graphs
Learners should understand how the measure (dimension) on the X- and Y axis influence the interpretation of graphs. 
Look at the following graphs, and the measurements given on the Y and X axes.
 (
Time
Speed
A
B
C
D
)
 (
A
B
D
C
Time
Distance
)1	2
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Activity 3.18
	Interpreting dimensions given on a graph 
Interpret the behaviour of graphs above in relation to the dimensions given on the X and Y axes.

In graph 1:
· From A to B 
· From B to C 
· From C to D

In graph 2:
· From A to B 
· From B to C 
· From C to D








 (
Time
Speed
Time
Speed
Time
Speed
Time
Speed
Time
Speed
Time
Speed
Time
Speed
Time
Speed
Time
Speed
)
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Activity 3.19
	Interpreting graphs 
Above are nine speed-time graphs of different objects moving over a period of time. 
1	Which of the nine graphs shows each of the following situations? Explain how you reached to your conclusion.
a	A car moved at a constant speed, then suddenly crashed into a tree and came to a stop.
b	John climbed up the stairs of a building at a constant speed, slowed down, rested for a while and then took a lift down the building
2	If you think that none of the graphs any of the two situations, draw your own graph to depict the situations describe in (1) above.
3	Write appropriate scenarios for the remaining graphs.





[bookmark: _Toc225835759]Teaching Geometry
For learners to understand the necessary or minimum properties to identify a quadrilateral, the following “clues” can be given:
	Clue
	Possible answer

	I have four sides
	Any quadrilateral

	I have two pairs of equal sides
	?

	I have a pair of parallel sides
	Square, rectangle, parallelogram, rhombus, trapezium

	I have one interior right angle
	Square, rectangle

	My diagonals are not equal
	?

	All my interior angles are equal
	

	My diagonal bisect each other
	



[bookmark: _Toc225835760]Midpoints of quadrilaterals
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Activity 3.20
	Midpoints of the sides of quadrilaterals 
Draw any quadrilateral
Join the midpoints of each of the sides of the following quadrilaterals. What type of quadrilateral is formed?
· trapezium 
· parallelogram
· kite
· rectangle
· square
· rhombus
How can you prove your answer?




[bookmark: _Toc225835761]Pythagoras’ Theorem
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Activity 3.21
	Pythagoras’ theorem revisited
Follow the instructions that can be used to “prove” the theorem of Pythagoras
· Draw any right angles triangle
· Draw squares on each of the sides
· Find the centre of the second largest square
· Through this point, draw a line parallel and perpendicular to the hypotenuse to divide the square into four sections
· Fit these four sections, together with the smallest square onto the largest square. (You will have to cut out)
How accurate could you do this? 
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[bookmark: _Toc224143516][bookmark: _Toc225835762]Unit Four: 	Teaching Through Problem Solving 
[bookmark: _Toc224143518][bookmark: _Toc225835763]	Unit outcomes
Upon completion of Unit Three you will be able to:
· Motivate, with understanding, the need for a shift in thinking about mathematics instruction.
· Critically reflect on the value of teaching with problems.
· Select and analyse appropriate tasks and problems for learning mathematics.
· Describe, with insight, the three-part lesson format for problem solving referred to as before, during and after.
· Critically describe the teacher’s actions in the before, during and after phases of a problem-solving lesson.
· Competently select and design effective problem-based lessons from the textbook and other resources.
· Explain competently how problem-solving goals are developed while students learn.
[bookmark: _Toc224143519][bookmark: _Toc225835764]Introducing problem solving
We begin our discussion with an activity so that we can build upon your own current experience and understanding. This should help you better to engage with the discussion that follows.
Working with fractions is often a challenge for both children and adults. We will therefore explore the teaching of fractions as a practical introduction to this unit.
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Activity 4.1
	Read the article 
“Learning through problem solving” (see Appendix C on page 208)
Summarise the article in two pages. Use your own words, and also reflect on your own teaching. 



[bookmark: _Toc224143521][bookmark: _Toc225835765]What is problem solving? 
At the outset it is necessary to draw a distinction between problem solving and the doing of routine exercises. Nicholson (1992) explains:
In problem solving one finds the solution to a particular situation by a means which was not immediately obvious.
A problem-solving task is one that that engages the learners in thinking about and developing the important mathematics they need to learn.
This can be contrasted with the traditional or stereotypical approach to teaching in which teachers explain a rule, provide an example and then drill the learners on similar examples.
Problem solving has been described by many authors and researchers (e.g. Nicholson: 1992) as the essence of mathematics, and yet many learners spend most of their time on routine exercises. It must be stressed that whether something is a problem or not is dependent on the level of sophistication of the problem solver. A learner in grade 8 may be required to solve a problem in which the method and solution are not obvious, and yet the same problem given to an older child may be quite routine.

Hiebert et al (1997) have brought the problem-solving approach for the teaching and learning of mathematics with understanding to the fore when they state:
We believe that if we want students to understand mathematics, it is more helpful to think of understanding as something that results from solving problems, rather than something we can teach directly.
Problem solving has been espoused as a goal in mathematics education since late 1970, with focused attention arising from NCTM’s An Agenda for Action’(Campbell & Boamberger: 1990).
However, problem solving should be more than a slogan offered for its appeal and widespread acceptance – it should be a cornerstone of mathematics curriculum and instruction, fostering the development of mathematical knowledge and a chance to apply and connect previously constructed mathematical understanding.
This view of problem solving is presented in the Revised National Curriculum Statement for R-9 (schools) (Department of Education – Mathematics: 2001,16-18)
Problem solving should be a primary goal of all mathematics instruction and an integral part of all mathematical activity. Learners should use problem-solving approaches to investigate and understand mathematical content. 
A significant proportion of human progress can be attributed to the unique ability of people to solve problems. Not only is problem solving a critical activity in human progress and even in survival itself, it is also an extremely interesting activity. 
 (
See Richard Freeman’s handbook, 
section 6.4: Planning and writing tutor-marked assignments
.
)
[bookmark: _Toc224143522][bookmark: _Toc225835766]Developing problem-solving tasks
[bookmark: _Toc224143523][bookmark: _Toc225835767]A variety of problem-solving tasks 
In this section we look at a variety of different problem-solving tasks in order to identify the characteristic features that will help us to design our own examples. 
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Activity 4.2
	In this activity you will find some interesting and thought provoking problems. 
1	Solve each of the problems in more than one way.
2	For each of the problems, indicate where they will fit into the National Curriculum Statement (Grades 10 – 12)
a	A bus from Pretoria to Johannesburg averages 80km per hour. On the trip from Johannesburg to Pretoria it averages 100km per hour. What is the average speed of the bus for the complete round trip? 
b 	The Potgieters have a party. The first time the doorbell rings, a guest enters. On the second ring, three guests enter. On the third ring, five guests enter, and so on. That is, on each successive ring the group entering is two more than the previous group. How many guests will enter on the 15th ring? How many guests will be present after the 15th ring?
c	A new school has exactly 1 000 lockers and exactly 1 00 students. On the first day of school, the students meet outside the building and agree on the following plan: The first student will enter the school and open all the lockers. The second student will enter the school and close every locker with an even number (2 , 4 , 6 , 8 etc.). The third student will then “reverse” every third locker That is, if a locker is closed, he will open it; if the locker is open, he will close it. The fourth student will reverse every fourth locker, and so on until all 1 000 students in turn have entered the building and reversed the proper lockers. Which lockers will finally remain open?
d	In the “equation” (he)2 = she the letters represent digits. Find replacements for the letters to make the statement true.
e	A man takes a 500 km trip in his car. He rotates his tyres (four on the car and one spare) so that in the end of the trip each tyre has been used for the same number of kilometres. How many kilometres did each tyre cover?
f	Karen has to number the 396 pages of her Biology note book. How many digits will she have to write in total?
g	A textbook is opened at random. To what pages is it opened if the product of the facing pages is 3192?
h	Sixty four small cubes are assembled to form a large cube. The faces of the large cube is then painted. How many of the small cubes are untouched by paint? How many small cubes have
· one face
· two faces
· three faces painted?



Another key characteristic of a problem-solving approach is the focus on equipping learners to tackle non-routine problems.
[bookmark: _Toc224143524][bookmark: _Toc225835768]Routine and non-routine problems 
Tasks or problems can and should be posed that engage the learners in thinking about and developing the important mathematics they need to learn.
As noted in the introduction, the traditional or stereotypical approach to teaching goes something like this:
· The teach-by-telling approach provides a rule.
· The teacher accompanies the rule with a conceptual explanation (perhaps with pictures so that learners will see the concepts).
· The learners are aware of the exercises to come, and how to do them.
However, the explanation is of little value since the rule is all that is necessary to get through the day. An atmosphere that promotes curiosity, which encourages learners to test their own hypotheses and pursue their own predictions, is lacking: they are not encouraged to create and invent their own constructions or ideas.
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Activity 4.3
	Routine or non-routine? 
Here are some examples of routine and non-routine questions. Which is which? Why do you say so?
1	Round off 34,56 to the nearest one decimal place
2	Which number when rounded off becomes 34,6? What are the largest and smallest possible numbers?
3	Solve 2x  3 = 7 	(solution x = 5)
4	Write down at least two linear equations whose solution is 5. Check your solution by substitution.
5	A builder is building a new house. He worked out that 2 painters should be able to complete the painting in 11 days. Each painter works an 8 hour day at R7 per hour. The paint cost R1260. How much money will be spent on having the house painted?



Providing learners with opportunities to explore concepts in their own ways and equipping them to deal with non-routine tasks begs the question: Where do we start? 
In mathematics, as in other areas of the curriculum, we need to think back to one of the key principles we all learned about in our initial teacher training: moving from the known to the unknown. That means starting from where the learners are and then presenting them with a problem that challenges them to extend their thinking.
[bookmark: _Toc224143525][bookmark: _Toc225835769]Starting where the learners are
The stereotypical traditional approach to mathematics teaching goes something like this: 
· The teacher gives input.
· The learners practise for a while.
· The learners are expected to use the skills in solving typical problems.
This approach has its problems, as Van de Walle points out (2005: 37): 
The first difficulty with this approach is that it begins where the teacher is rather than where the learner is. It assumes that all learners will be able to make sense of the explanation in the manner the teacher thinks best.
The second difficulty with the teach-then-solve approach is that problem solving is separated from the learning process. The learners expect the teacher to tell them the rules and are unlikely to solve problems for which solution methods have not been provided. In essence, learning mathematics is separated from ‘doing mathematics’. This does not make sense.
How can lessons become more effective?  
Consider the following:
· Begin where the learners are, not where we as teachers are.
· Teaching should begin with the ideas that learners already have – the ideas they will use to create new ones.
· Engage the learners in tasks or activities that are problem-based and require thought.
What does this mean in practice?
First of all we need to understand what a problem is. A problem is any task or activity for which the learners have no prescribed or memorized rules or methods. The learners should also not have the perception that there is a specific ‘correct’ solution or method.
In setting a problem for learners, teachers should make sure that it
· begins where the learners are
· engages learners on the aspect of mathematics they are required to learn
· requires learners to explain and justify their methods as well as their answers. 
The methods used may be various: they can involve hands-on material or drawings; they can be simply pencil-and-paper tasks; they may be strictly mental work, and calculators may or may not be used.

What is critical, though, is that if the mathematics is to be taught through problem solving, then the tasks or activities are the vehicle by which the desired curriculum is developed. Teachers don’t teach the concepts first, and then require learners to do exercises – the problem-solving activity is the vehicle through which the concepts are taught. 
Below are some examples of activities for investigating the properties of shapes. 
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Activity 4.4
	Gradient of a tangent at a point
Design a series of activities that you will involve learners in to explain the concept of the “gradient of a tangent at a point on a curve”
Ask yourself:
Does it: 
· begin where the learners are?
· engage learners on the aspect of mathematics they are required to learn?
· require learners to explain and justify their methods as well as their answers? 
Answer each of the questions above reflecting on your activities. 



[bookmark: _Toc224143526][bookmark: _Toc225835770]Developing different kinds of mathematics ideas
Remember that, as we said above, a problem is any task or activity for which the learners have no prescribed or memorised rules or methods. The learners should also not have the perception that there is a specific ‘correct’ solution or method.
In Unit Two, we categorised mathematical ideas as conceptual or procedural. In this unit, we will show that children can learn both types of mathematical ideas through problem-based activities.
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Activity 4.5
	Developing conceptual understanding
What kinds of mathematical thinking are encouraged by the following example of an activity you could give your learners?
A goat is tethered to a corner of a hut in the middle of a large grass field. If the hut is rectangular, with dimensions 3m by 5m and the length of the rope is 2m, then on what area of the grass can the goat graze?



We identified the following kinds of conceptual thinking learners may have been actively involved in while working through this problem. Perhaps you can add to our ideas?
[bookmark: _Toc224143527][bookmark: _Toc225835771]Concepts and relationships constructed by connecting ideas
Conceptual understanding cannot take place if learners cannot connect, or relate to, other concepts in their existing schema of concepts. 

In the next activity, the learner is given the opportunity to develop concepts relating to Space and Shape.
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Activity 4.6


	Examples for the construction of concepts
Allow a class to work through the example activity in the next box. 
As they do so, observe critically how the learners engage themselves with the task at hand:
· What are the key concepts or ideas that learners need to make sense of?
· Were the learners able to use their own level of reasoning and understanding? Diagnose some of the more interesting solution methods used.
· Did the learners justify, test and explain their constructions? How consistent were they?

	
	Example activity: What shape?
In this activity we will be using only two types of cuts – horizontal and vertical cuts. 
A vertical cut goes this way:	A horizontal cut goes this way:





1	Choose an object in the classroom and show a friend how you would cut this object horizontally and then vertically. 
2	Imagine that you are cutting these objects (vertically and then horizontally).
3	Draw the cross-section for each cut. What shape is each cross-section? 
              a.                                                          b.


      c.                                                              d.

               e.


4	Draw a cross section of a slant (skew) cut through each of the solids above.



On the basis of your findings from this activity, what would you say are some of the advantages of using a problem-solving approach in developing conceptual understanding in the mathematics classroom? 
[bookmark: _Toc224143528][bookmark: _Toc225835772]Developing procedures and processes
You must be wondering whether it would be prudent to use the problem-solving approach to learn basic skills and procedural skills. Must these be taught through direct instruction?  Van de Walle (2004) emphasizes that learners can develop procedures via a problem-solving approach, and that problem solving is more effective than direct instruction for the teaching of basic skills and procedures. 
Example	Solving an equation using ‘Reverse operations’
Solve for x
5x + 4	= 34
Let us write a flow diagram for this equation:
Start with x
What must be done with x to get 34?

We must multiply it by 5 and then add 4 
 (
 
x
5
x
5
x
 + 4
34
Input
Output
 5
+ 4
)






Now reverse the operations: (apply the inverse operations)
Start with the output (note the direction of the arrows change around)

 (
6
30
34
Output
Input
 4
 5
)



Solution: x = 6

Pay attention to the application of inverse operations: (see the dotted lines)


 (
 
x
5
x
5
x
 + 4
34
Input
Output
 5
+ 4
6
30
34
Output
Input
 4
 5
)








Problem solving should not be an isolated strand or topic in the already crowded curriculum. Rather, it should pervade the mathematics programme. What advantages can you see in using a problem-based approach to develop procedural or process understanding? 
[bookmark: _Toc224143529][bookmark: _Toc225835773]Good problems have multiple entry points 
Recall that one advantage of a problem-based approach is that it can help accommodate the diversity of learners in every classroom. Teachers should not dictate how learners must think about a problem in order to solve it. When a task is posed, the learners could be told: ‘Use the ideas you own to solve this problem’. 
The learners in a class will have different ideas about how they can best solve a problem. They will draw on their own network of mental tools, concepts and ideas. This means that there will be many ways to tackle the problem - multiple entry points. Although most problems have singular correct answers, there are often many ways to get there.
Here is an example of a problem:
 (
Place tiles along
 
the edges of the book and multiply
PROBLEM ON AREA
Cover with tiles and count
Cover with tiles and count only the length of the rows and the number of rows – multiply to get total
Use a ruler to measure the
 
edges, noting that the tiles are 2cm on each side – then
 
multiply
)Find the area of your mathematics book. That is, how many square tiles will fit on the cover of the book? Some different solution methods at different entry points are reflected in the frames shown below:










Having thought about these possible points, you will be better prepared to provide a hint that is appropriate for learners who are ‘stuck’ – with strategies different to the others.
[bookmark: _Toc224143530][bookmark: _Toc225835774]Designing and selecting effective tasks
As we said above, an effective task is one that helps learners to construct the ideas you want them to learn. When you are planning a lesson, part of your work is to select (or design) tasks that will facilitate the learning of the mathematical content to be covered in that lesson.
Therefore, the first and most important consideration for selecting any task for your class must be the mathematics that learners need to master and where they are in relation to that need at the moment. You could look for tasks to use in your mathematics teaching from textbooks, children’s literature, the popular media, and the internet.
Most teachers use their textbooks as the everyday guide to the curriculum. (All teachers should have copies of their own textbooks to draw on for ideas and problem-solving activities even if the learners in their classes do not have them.)  Many of the new textbooks are written with the learner in mind and they contain challenging and stimulating activities in which learners can be engaged. 
However, there is always an opportunity for teachers to adapt textbook activities so that they are more suitable for the particular situation of their learners. Teachers can also design their own activities with the specific needs of their learners in mind.
There are four basic steps that can guide you in selecting (and/or designing) activities.
STEP 1:	How is the activity done?
· Do the activity!  This enables you to get ‘inside’ the activity and find out the sort of thinking that is required.
· Think about how the learners might do the activity or solve the problem. Anticipate any difficulties that might arise.
· Think about how you will prepare the learners for the activity.
· Note what materials are required and what needs to be written down or recorded.
STEP 2:	What are the desired outcomes of the activity
· What are the learning outcomes for the activity?  These might be the LOs from the curriculum statement or Activity Outcomes that you decide upon. 
· What mathematical ideas/concepts will the activity develop?
STEP 3:	Will the activity allow learners to achieve the outcomes?
· What is the ‘problem’ in the activity?
· What must the learners reflect on or think about to complete the activity?
· Is it possible to complete the activity without much thought?  If so, can you change it so that the learners are required to think more about the mathematics?
STEP 4:	What assessment will you include with the activity?
· The assessment must be part of the planning of the activity
· What you assess and how you assess it, is a crucial feature of the activity.
· How will the learners demonstrate their understanding?  
In this section we have used a number of examples to help identify some of the characteristics of problem-solving tasks. Looking at these examples, what would you say are the advantages of using these kinds of tasks over the more traditional rule-example-drill approach?
[bookmark: _Toc224143531][bookmark: _Toc225835775]A three-part lesson format 
You may be inclined to agree that teachers typically spend a small portion of the allocated time in explaining or reviewing an idea, followed by learners working through a list of exercises – and more often than not, rehearsing the procedures already memorized. This approach conditions the learners to focus on procedures so that they can get through the exercises.
This is in stark contrast to a lesson where a class works on a single problem and engages in discourse about the validity of the solution – more learning occurs and much more assessment information is available.
[bookmark: _Toc202486404][bookmark: _Toc224143532][bookmark: _Toc225835776]Before, during and after
Teaching through problem solving does not mean simply providing a problem or task, sitting back and waiting for something to happen. The teacher is responsible for making the atmosphere and the lesson work. To this end, Van de Walle (2004) sees a lesson as consisting of three main parts: before, during and after. He proposes the following simple three-part structure for lessons when teaching through problem solving (p.42): 

 (
Before
During
After
GETTING READY
Get learners mentally ready to work on the task.
Be sure all expectations for products are
 clear.
LEARNERS' WORK
Let go!
Listen carefully.
Provide hints.
Observe and assess.
CLASS DISCOURSE
Accept learner solutions without evaluation.
Conduct discussions as learners justify and evaluate results and methods.
)















If you allow time for each of the before, during and after parts of the lesson, it is quite easy to devote a full period to one seemingly simple problem. In fact, there are times when the ‘during’ and ‘after’ portions extend into the next day or even longer!  
As long as the problematic feature of the task is the mathematics you want learners to learn, a lot of good learning will result from engaging learners in only one problem at a time.
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Activity 4.7
	Lessons – before, during and after
Each of the main three parts of a lesson – before, during and after – are considered critical for successful problem-solving lessons.
1	Analyse the three-part structure of a lesson described above.
2	What is the teacher’s purpose or agenda in each of the three parts of a lesson – before, during and after?
3	Compare critically the three-part structure of a lesson proposed here to the structure of a routine lesson conducted in your classroom. What are the implications of this comparison to your teaching?  You may discuss this with some of your colleagues.



[bookmark: _Toc202486405][bookmark: _Toc224143533][bookmark: _Toc225835777]Teacher’s actions in the before phase
What you do in the before phase of a lesson will vary with the task. The actual presentation of the task or problem may occur at the beginning or at the end of your ‘before actions’. However, you will have to first engage learners in some form of activity directly related to the problem in order to get them mentally prepared and to make clear all expectations in solving the problem.
The following strategies may be used in the before-phase of the lesson:
· Begin with a simple version of the task – reduce the task to simpler terms.
· Brainstorm: where the task is not straight forward, have the learners suggest solutions and strategies – producing a variety of solutions.
· Estimate or use mental computation – for the development of computational procedure, have the learners do the computation mentally or estimate the answer independently.
· Be sure the task is understood – this action is not optional. You must always be sure that learners understand the problem before setting them to work. Remember that their perspective is different from yours. Have them restate the problem in their own words – this will force them to think about the problem.
· Establish expectations. This action is essential. Learners need to be clearly told what is expected of them. For example:
· Explain (in writing) why you think your answer is correct.
· When learners are working in groups, only one written explanation should come from the group.
· Share your ideas with a partner and then select the best approach to be presented.
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Activity 4.8
	A problem-solving approach to an activity
Consider the following problem that is designed to develop some ideas about perimeter. 
Problem 
Assume that the edge of a square is 1 unit. Add squares to this shape so that it has perimeter of 
· 14 units
· 15 units

· Show how you would use a simple version of the task to solve the problem.
· Challenge your learners with this problem. Take note of their level of reasoning, constructions and manipulations. You may provide them with some square tiles.
· What prior knowledge would the learners require to understand the problem? Explain.


[bookmark: _Toc224143534]
Things to think about
Consider the following option: Adding one square tile at a time – along one edge. P is the perimeter.



P = 4	P = 6		P = 8	P = 10 			and so on
Find a pattern and solve the problem.
To ensure that learners understand the problem, pose the following question: 
What is meant by 
1	an edge?
2	the perimeter?
3	a square unit?
4	the area?
[bookmark: _Toc224143535][bookmark: _Toc225835778]Teacher’s actions in the during phase
Once you are comfortable that learners are ready to work on the task, it is time to let go – your role now shifts to that of a facilitator:
· You must demonstrate confidence and respect for your learners’ abilities.
· Your learners should get into the habit of working in groups – to indulge in co-operative group work.
· Listen actively – find out what your learners know, how they think, and how they are approaching the task.
· Provide hints and suggestions – when the group is searching for a place to begin, when they stumble. Suggest that they use a particular manipulative or draw a picture if that seems appropriate.
· Encourage testing of ideas. Avoid being the source of approval for their results or ideas. Instead, remind the learners that answers, without testing and without reasons, are not acceptable.
· Find a second method. This shifts the value system in the classroom from answers to processes and thinking. It is a good way for learners to make new and different connections. The second method can also help learners who have made an error to find their own mistake.
· Suggest extensions or generalisations. Many of the good problems are simple on the surface. It is the extensions that are excellent. 
The general question at the heart of mathematics as a science of pattern and order is: What can you find out about that?                 This question looks at something interesting to generalise.
The following questions help to suggest different extensions: What if you tried…….? Would the idea work for …….?
[bookmark: _Toc202486407][bookmark: _Toc224143536][bookmark: _Toc225835779]Teacher’s actions in the after phase
This ‘after’ phase is critical – it is often where everyone, learners as well as the teacher, learn the most. It is not a time to check answers, but for the class to share ideas. As Van de Walle comments (2005:46):
Over time, you will develop your class into a community of learners who together are involved in making sense of mathematics. Teach your learners about your expectations for this time and how to interact with their peers.
In the ‘after phase’ of a lesson, teachers may find that they will engage in the following activities:
Engage the class in discussion.
Rule number one is that the discussion is more important than hearing an answer. Learners must be encouraged to share and explore the variety of strategies, ideas and solutions – and then to communicate these ideas in a rich mathematical discourse.
List the answers of all groups on the board without comment.
Unrelated ideas should be listened to with interest, even if they are incorrect. These can be written on the board and testing the hypothesis may become the problem for another day – until additional evidence comes up that either supports or disproves it.
Give learners space to explain their solutions and processes.
A suggestion here is to begin discussion by calling first on children who are shy, passive or lack the ability to express themselves – because the more obvious ideas are generally given at the outset of a discussion. These reticent learners can then more easily participate and thus be valued.
Allow learners to defend their answers, and then open the discussion to the class. Resist the temptation to judge the correctness of an answer.
In place of comments that are judgemental, make comments that encourage learners to extend their answers, and that show you are genuinely interested. For example: ‘Please tell me how you worked that out.’
Make sure that all learners participate, that all listen, and that all understand what is being said.
Encourage learners to ask questions, and use praise cautiously.
You should be cautious when using expressions of praise, especially with respect to learners’ products and solutions. ‘Good job’ says ‘Yes, you did that correctly’. However, ‘nice work’ can create an expectation for others that products must be neat or beautiful in order to have value – it is not neatness, but good mathematics that is the goal of mathematics teaching. 
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Activity 4.9
	Devising a three-part lesson format for an activity in the classroom
For this activity, you are required to select an activity from any source. You must give the reference for the activity that you have selected.
1	How can the activity be used as a problem or task for the purpose of instruction (as described in the study unit)? Explain.
2	If you were using this activity in the classroom, what specifically would you do during each of the ‘before, during and after’ section of the lesson?  Describe each part clearly.
3	Consider that for the purpose of instruction the problem needs to be acted upon through the teacher actions identified for the ‘before, during and after’ phase of the lesson.
4	What do you expect the learners to do during each of the phases of the lesson?



[bookmark: _Toc202486408][bookmark: _Toc224143537][bookmark: _Toc225835780]Working towards problem-solving goals
All of the goals of problem solving can and will be attained in a classroom that employs a problem-solving approach and allows the learners to use and develop their problem-solving strategies. It is important for the teacher to be clearly aware of the goals of problem solving and focus attention on them regularly.
Three important goals of teaching through problem solving are:
· Allow learners to develop problem-solving strategies – strategies for understanding the problem (the before phase of a lesson).
· Plan-and-carry-out-strategies (the before and during phase of the lesson).
· Reflect on the problem-solving process to ensure that learning has taken place, and to consolidate the learning that has taken place (the after phase of the lesson).
Some practical problem solving strategies are:
· Draw a picture, act it out, use a model.
· Look for a pattern.
· Make a table or chart.
· Try a simpler form of the problem.
· Guess and check.
· Make an organised list.
Some looking-back strategies are:
· Justify the answer.
· Look for extensions to the solution.
· Look for generalisations of the solution.

[bookmark: _Toc202486409][bookmark: _Toc224143538][bookmark: _Toc225835781]Different levels of cognitive demands in tasks
An important practical step that every teacher makes daily in working towards problem-solving goals is the selection of tasks for learners to work on. Teachers do this with more or less thought on different occasions. The tasks that learners work on will influence their experiences of mathematics and are vital in their construction of knowledge and their mathematical development. It is important that mathematics teachers are able to choose tasks carefully and thoughtfully, in order to achieve their goals for their learners’ learning. This is particularly the case when working with new concepts of mathematics and learning. 

Stein et al (2000) give a framework for differentiating between tasks, describing the different levels of thinking that they require in order for learners to be successfully engaged. They distinguish between tasks that have low-level demands, such as memorisation and purely procedural tasks, and those that demand a high-level of mathematical thinking, such as procedural tasks that link to enhancing understanding and sense-making and those tasks that involve learners in ‘doing mathematics’ as they explore relationships and understand mathematical concepts and processes.
The table on the next page summarises the main features of the task analysis suggested by Stein et al (2000).
	Lower-level demands
	Higher level demands

	Memorization tasks
	Procedures with connections tasks

	Involve reproducing previously learned facts, rules, formulae or definitions
Cannot be solved using a procedure
Are not ambiguous – involve exact reproduction of previously seen material
Have no connection to concepts or meanings that underline the facts, etc. being learned or reproduced
	Focus on the use of procedures for the purpose of developing deeper levels of understanding
Suggest pathways to follow
Are usually represented in multiple ways, e.g. diagrams, manipulative, symbols, etc.
Require some degree of cognitive effort. Learners are required to engage with conceptual ideas that underlie procedures to be successful

	Procedures without connections
	Doing mathematics tasks

	Are algorithmic
Require limited cognitive effort for success.
There is little ambiguity of what needs to be done and how to do it
Have no connections to concepts or meanings that underlie the procedure
Require no explanations or very few descriptions of how procedures work
	Require complex and non-algorithmic thinking
Require learners to explore and understand mathematical concepts, processes or relationships
Demand self-regulation
Require learners to access relevant knowledge
Require learners to analyse the task
Require considerable cognitive effort and may lead to some levels of anxiety due to unpredictable nature of the solution process
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Activity 4.10
	Different levels of cognitive demand in tasks
1	Select an LO for an activity/task for the learners in one of your classes. 
2	Design an activity/task that promotes high-level thinking in terms of Stein et al’s categories. Clearly identify the Activity Outcomes.
3	Write a separate response to the questions below:
· State the category into which you think your task falls. 
· Explain why you think your task falls within this category.
· Write a paragraph describing to what extent and in what ways you think the task might promote mathematical reasoning.



[bookmark: _Toc202486410][bookmark: _Toc224143539][bookmark: _Toc225835782]The value of teaching using a problem based approach
Teaching using a problem-based approach requires the development of tasks that take into account the current understanding of learners, as well as the needs of the curriculum. The value of this approach includes:
· When solving problems, learners focus their attention on ideas and sense-making. This leads to the development of new ideas and enhances understanding. In contrast a more traditional approach emphasises ‘getting it right’ and following the directions supplied by the teacher.
· When solving problems, learners are encouraged to think that they can do mathematics and that mathematics makes sense. As learners develop their understanding, their confidence in mathematics is also developed.
· As learners discuss ideas, draw pictures, defend their own solutions and evaluate other solutions and write explanations they provide the teacher with an insight into their thought process and their mathematical progress.
· In solving problems, learners develop reasoning and communication, and make connections with existing knowledge. These are the processes of ‘doing’ mathematics that go beyond the understanding of mathematical content.
· A problem-based approach is more rewarding and more stimulating than a teach-by-telling approach. Learners are actively engaged in making sense of, and solving the problem. The development of their understanding is exciting for the learners and the teacher.

	

Problem solving 

	Sense-making

	
	Developing confidence and the capacity for doing mathematics

	
	Provision of assessment data 

	
	Mathematical power

	
	Allowing entry points

	
	Fewer disciplinary problems

	
	Having fun and enjoyment 




· It is not difficult to teach mathematics as a series of skills and a collection of facts; to programme learners to be able to carry out routine procedures without really having to think about what they are actually doing. From the learners who emerge at the end of the system, and who go into the world, only a small percentage have any use at all for the mathematics they have learnt, and most will use their knowledge of simple arithmetic assisted by the pocket calculator, to get them through everyday life. So do you agree that there must be more to the teaching of mathematics than simply being able to do calculations, solving equations or being able to memorise theories?
[bookmark: _Toc224143540][bookmark: _Toc225835783]Unit summary
What is problem solving as envisioned in the South African situation?  It is not simply instruction for problem solving or about problem solving. Campbell (1990) explains that problem solving is when:
· learners are actively involved in constructing mathematics.
· there is cooperation and questioning as learners acquire, relate and apply new mathematical ideas through sharing, inquiring and discussing. 
· learners are communicating mathematical ideas through sharing, inquiring and discussing.
· learners are investigating relationships, and the problems act as a catalyst for connecting mathematical concepts and skills.
· learners are selecting strategies, justifying solutions, extending and generalising problems.
Given the already crowded curriculum in mathematics, how and when can a teacher include long-term problem-solving activities?  The key is the approach taken to problem-solving instruction. It should not be an isolated strand or topic in the already crowded curriculum – it helps to accommodate the diversity of learners in every classroom. The Equity Principle challenges teachers to believe that every learner brings something of value to the tasks that they pose to their class.
Problem solving is an integral part of all mathematics learning. 
Recall that learners must engage in tasks and activities that are problem- based and require thought. Learning takes place as a result of problem solving and the mathematical ideas are the outcomes of the problem-solving experience. 
So we see that the activity of solving problems is now completely interwoven with the learning – the children are learning mathematics by doing mathematics.
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Activity 4.11
	Now let us put into practice what we have explored in this unit.
1	Look through your current teaching plans. Choose a concept/topic which you had planned to teach in a more traditional way based on past experience but which you realise you could now use problem solving for.
2	Redesign and teach the lesson using problem solving as your main teaching strategy.
3	After the lesson write a comparison between the lesson as you taught it now and then. 
· What did you and the learners do differently? 
· Did learners learn any better or worse when you used this new approach? 
· What evidence did you use to answer the previous question?


[bookmark: _Toc224143541]
[bookmark: _Toc225835784][image: ]	Self assessment
Tick the boxes to assess whether you have achieved the outcomes for this unit. If you cannot tick the boxes, you should go back and work through the relevant part in the unit again. 
I am able to: 
	#
	Checklist
	

	1
	Motivate with understanding the need for a shift in thinking about mathematics instruction.
	

	2
	Critically reflect on the value of teaching with problems.
	

	3
	Select and analyse appropriate tasks and problems for learning mathematics.
	

	4
	Describe with insight the three-part lesson format for problem solving referred to as before, during and after.
	

	5
	Critically describe the teacher’s actions in the before, during and after phases of a problem-solving lesson.
	

	6
	Competently select and design effective problem-based lessons from the textbook and other resources.
	

	7
	Explain competently how problem-solving goals are developed while students learn.
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[bookmark: _Toc224216315][bookmark: _Toc225835786]Unit Five: 	Planning in the problem-based classroom
[bookmark: _Toc203964730][bookmark: _Toc224216317][bookmark: _Toc225835787]Unit outcomes
Upon completion of unit five you will be able to:

· Describe the step-by-step process of planning for a problem-based lesson.
· Write out a well thought out and concise lesson plan based on a problem-based strategy.
· Critically discuss some variations of the three-part lesson.
· Discuss how workstation activities or games can be profitably and meaningfully used to enhance a problem-based lesson.
· Discuss the effective use of group work
· Explain the differences between competitive learning, individualistic learning and collaborative learning
· Discuss the effective use of collaborative/co-operative learning
· Plan for reaching all learners through effective problem-solving strategies - to be used in an increasingly diverse classroom.
[bookmark: _Toc224216318][bookmark: _Toc225835788]Introduction
 (
See Richard Freeman’s handbook, 
section 6.4: Planning and writing tutor-marked assignments
.
)One of the major hurdles facing teachers is translating the theoretical constructs into action in the classroom (Moodley, 1992). Your own understanding of the model and more importantly your confidence and conviction in using it is crucial to its implementation. This unit will focus on planning in the problem-based classroom – in an attempt to give you the confidence and competence to pursue this approach with your learners. You know that people involved in a teaching-learning situation would find it difficult to teach effectively without using a good lesson plan.
The three-part lesson format described in Unit Three provides a basic structure for problem-based lessons. That basic framework resulted from the need for learners to be engaged in problems followed by discussion and reflection. 

We need to keep in mind that teachers, according to Lester (1994):
Play a key role in the development of their students’ conceptualisation of a mathematical self.
When planning the lesson, make provision for the teacher's role – which should be that of a guide or facilitator and not an authority. This means that the teacher chooses which problems and tasks to use, and guides the discussion of these problems, but the teacher does not pronounce solutions. 
It is also an important strategy not to tell the learners everything they need to know as this will restrict the development of learner-initiated activity that is a natural consequence of learners’ curiosity - and will encourage them to take a passive role in their education (Lester, 1994).
Teaching is a practical activity. However, this challenging activity demands reflection and insight. As you work through this study unit, develop an inquiring mind and continually ask why certain activities are performed in a particular way. Think and do should be the key words. Krüger and Müller (1988) insist that this act of teaching demands that one should perform teaching activities skillfully.
[bookmark: _Toc225835789][bookmark: _Toc224216319]General thoughts on Lesson Planning 
Lesson plans are written by teachers to help them structure the learning for themselves and for the learners. Research shows that all learners benefit from and appreciate well structured lessons. 
Furthermore, lesson planning enables the teacher to:
· establish specific goals and to ensure that essential concepts, skills and processes will be included
· allow the work to be taught in a logical sequence and in a feasible period of time,
· have the lesson appropriately structured so that the opening will be interesting, the main body will be properly paced and the closure will highlight the key points,
· ensure that learners are on task throughout the lesson
· avoid omissions, mistakes and unnecessary repetition, while ensuring necessary reinforcement and consolidation during the review and practice, and
· have a feeling of confidence and security.

In planning a lesson, the teacher should: 
· determine the specific instructional objective(s) or outcomes of the lesson, A good specific instructional objective should include four components:
· the targeted audience
· the expected behaviour to be observed at the end of the lesson
· the condition under which such behaviour is to be demonstrated 
· the degree of performance of such behaviour 
· conduct a task analysis of the topic. A task analysis, the identification and subsequent sequencing of the sub skills in an instructional objective, helps the teacher to identify the appropriate instructional sequence and select appropriate practice activities,
· identify the materials and resources required
· determine the teaching strategies and time allocation for each part of the lesson
· decide how students will be organised
· decide how the lesson will be evaluated.
Lesson plans are not written to be read to the class. Lesson plans help teachers to structure and ensure smooth flow of the lesson, especially when something has occurred to distract anyone, including the teacher. 

[bookmark: _Toc225835790]Some thinking has to go into a lesson plan
Lesson plans involve thinking. The thinking process can be classified into four parts:
1	The teacher determines the curriculum; that is, what the children will learn, and what they will be able to do at the end of the lesson.
2	The teacher determines what the students already know, before the beginning of the lesson, that can lead into the new topic
3	The teachers determines at least one way to assist the learners in the learning the new topic
4	The teacher determines at least one way to evaluate the lesson outcomes 
[bookmark: _Toc225835791]Mistakes in lesson planning
The following are common mistakes in lesson planning:
· The objective of the lesson (lesson outcome) does not specify what learners will actually do that can be observed.
· The lesson objective (lesson outcome) is disconnected from the behaviour indicated in the objective
· The materials specified in the lesson are extraneous to the actual describe learning activities.
· The instruction in which the teacher engages is not sufficient for the level intended for learning.
· The learner activities in described in the lesson plan do not contribute in a direct and effective way to the lesson objective.
A lesson plan that contains one or more of these mistakes needs rethinking and revision.
[bookmark: _Toc225835792]Checklist for your lesson plan 
	Stage
	Component
	Check
	Component
	Check

	Curriculum
The lesson outcome and assessment standards
	Objective(s) is/are realistic and measurable
	
	




	


	Prerequisite(s)
	Identified through the task analysis
		





	

	Introduction
	Assess learners’ prerequisites or use motivational materials to set the stage for learning
	
	




	Include exact examples and non-examples to be used
	
	





	Development 
	Determine at least one way to assist the learners in the learning of the new topic
	
	




	Include questions prompts that are to be used to lead and guide the learners along
	
	





	Consolidation
	Teacher modelling
Guided practice
Independent practice
	
	




	Include sample of expected learners’ response, including response that may arise out of a misconception
	

	





	Closure
	Summary of the lesson, set homework that is aligned with the lesson outcomes, and possibly assign follow-up activity to set the stage for the next lesson
	
	




	
	


[bookmark: _Toc225835793]Some important points to remember
Lesson plans can include mush more that what has been discussed here. You might need other types of resources, or you might use different assessment procedures. 
You should see the information here as a quick yet effective way to develop a lesson plan. 
What is important, though, is that the thinking and mental structuring parts of the lesson plan should be completed before you start writing up the lesson plan.
It is very important, however, that you must write out the exact examples that you will be needing for the lesson. This will give you a quick reference if you lose your place or your train of thought is interrupted. Poorly selected examples can be confusing to learners and could actually lead to misconceptions. 
At the end, however, the lesson must be conducted by you. If you have carefully thought through your lesson; where you intend going to, the chances of your success, as well as the success of your learners will be much greater.

[bookmark: _Toc225835794]Planning a problem-based lesson
It is very important that you give adequate thought to the planning of your lesson. Remember that every class is different, and choices of tasks and how they are presented must be made daily to best fit the needs of the learners and the defined outcomes. Van de Walle (2004) recommends the following steps for planning a problem-based lesson.
STEP 1: Begin with the mathematics!
· Articulate clearly the ideas you want learners to construct - something new or unfamiliar.
· Describe the mathematics, not the behaviour.
· For skills as intended outcomes – identify the underlying concepts and relationships.
STEP 2: Consider your students
· Consider what the learners already know or understand about the topic. Are there any background ideas that they need to still develop?
· Be sure that your objectives are not out of reach.
· For learning to take place, there must be some challenge - some new idea within the grasp of learners.
STEP 3: Decide on a task
· Keep it simple!  Good tasks need not be elaborate.
· Build a task bank – from resource books, journals, workshops, in-service programmes and conferences.
STEP 4: Predict what will happen.
· Predict, don’t hope! Use the information about what learners know to predict all of the things your learners are likely to do with this task.
· If they flounder, provide hints or modifications in the tasks for different learners.
· Think about whether your learners will work alone, in pairs, or in groups.
· Revisit the task if you find it inappropriate at this stage – modify the task if necessary.
· These first four decisions define the heart of your lesson. The next four decisions define how you will carry out the plan out in your classroom.
STEP 5: Articulate learner responsibilities.
· For nearly every task, you want learners to be able to tell you:
What they did to get the answer.
Why they did it that way.
Why they think the solution is correct.
· Plan how learners would supply this information. They could write individually or prepare a group presentation - in their journals, worksheet, chart-paper and so on. There is an option of no writing - learners could report or discuss their ideas.
STEP 6: Plan the 'before' portion of the lesson.
· Prepare the learners by working quickly through an easier related task or some related warm-up exercise.
· Articulate what is required of the learners in terms of their responsibilities.
· Present the task and 'let go'!  They could brainstorm ideas or estimate ideas.
· Consider how the task can be presented – written on paper, taken from the text and so on.
STEP 7: Think about the 'during' portion of the lesson.
· What hints can you plan in advance for learners who may be stuck?
· Think of extended questions or challenges you can pose to learners who finish quickly.
· Tell learners in advance how much time they have to complete the task but be flexible.
STEP 8: Think about the 'after' portion of the lesson.
· How will you begin the discussion?  List the options and then return to individual learners or groups to explain their solutions and justify their answers.
· For oral reports, think about how you would record on the board what is being said. 
· Plan an adequate amount of time for your discussion.
STEP 9: Write your lesson plan.
The outline here is a possible format of the critical decisions:
· The mathematics or goals.
· The task and expectations.
· The ‘before’ activities.
· The ‘during’ hints and extensions for early finishers.
· The ‘after’-lesson discussion format.
· Assessment notes (whom you want to assess and how).
[bookmark: _Toc224216320][bookmark: _Toc225835795]Variations of the three-part lesson
Not every lesson is developed around a task requiring a full period to complete. The basic concept of tasks and discussions can be adapted to form mini-lessons. The three-part format can be compressed to as little as 10 minutes. This will allow you to plan two or three cycles in a single lesson.
Consider the use of mini-lessons when the learners do not require the full period - where the basic concept of tasks and discussions can be adapted to problem-based lessons. Another strategy for short tasks is ‘think-pair-share’. Learners first work on their own, then pair with classmates and discuss each other’s ideas, before sharing their ideas and solutions with the whole class. 
[bookmark: _Toc224216321][bookmark: _Toc225835796]Work stations and games as problem-based activities
Getting learners to work at different tasks or games at various locations around the room can also be a useful teaching and learning strategy for a number of reasons:
· The use of workstations is a good way to manage materials without the need to distribute and collect them. This strategy can also be useful in large classes giving all learners the opportunity to interact with various materials. In this instance it is important that the teacher ensures that meaningful activities are taking place at each of the stations.
· Another advantage of using workstations is that they allow you to differentiate tasks when your learners are at different stages in the development of concepts.
· These work stations can be used for problem-solving activities or for the opportunity for learners to have several opportunities to practise a skill in different contexts.
It is important to note that for a given topic, you may prepare from four to eight different activities and so it is advisable to teach or explain about the activity to the full class ahead of time so that the learners get on with the task without wasting time.
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Activity 5.1
	Planning a problem-based lesson
1	Reflect analytically on the nine steps given above for the planning of a problem-based lesson.
2	Thereafter, describe in your own words the decisions that must be made for each of the nine steps.
3	Choose a topic and plan a lesson for a grade of your choice, following the nine steps above.
4	Reflect on where you considered it necessary to adapt the three-part lesson format and why you did so. 
5	Do workstation activities or games fit the definition of a problem-based task as discussed in Unit 3?  Explain your response clearly.
6	Explain how you would do the 'after' portion of a lesson (i.e. discussions) when learners are working at work stations.


[bookmark: _Toc224216322][bookmark: _Toc225835797]Teaching and learning in small groups
A key strategy for problem-based lessons is organising for teaching and learning in small groups. The material in this section is from a module entitled Mathematical Reasoning from the RADMASTE Centre, University of the Witwatersrand.
[bookmark: _Toc224216323][bookmark: _Toc225835798]Why ‘group work’?
The new curriculum emphasises the importance of group work as one of the ways in which teaching and learning activities can occur. We have already discussed the importance of the active participation of learners in the teaching and learning process, and the place of communication in this process. When learners are allowed to work together in small groups they can talk and discuss things amongst themselves. If learners in small groups are supplied with appropriate activities and tasks, they can use the opportunity to talk to each other to construct meaningful understandings of concepts. One of the Critical Outcomes in the new curriculum centres on team work and requires that each learner can:
Work effectively with others as a member of a team, group, organization or community.
Small group interactions enable learners to develop certain skills such as:
· strong interpersonal skills because they have to learn to communicate with their peers and to negotiate towards a goal;
· strong co-operative and collaborative skills - these skills can help balance the strong competitiveness that is current in today’s world;
· strong problem solving and critical thinking skills - these skills are developed through the shared knowledge and abilities focussed on the problem as well as from evaluation of each other's contributions.
While OBE is not all about group work, it does play a significant part in fostering new approaches to teaching and learning.

	[image: ]
Activity 5.2
	1	Tick the response that best fits how strongly you agree or disagree with the statements. 

	
	
	
	Strongly agree
	Agree
	Disagree
	Strongly disagree

	
	a
	Everyone in a group can be involved in the learning.
	
	
	
	

	
	b
	It’s easy to do nothing in a group and to allow the others to do all the work.
	
	
	
	

	
	c
	OBE is all about learners working in groups.
	
	
	
	

	
	d
	Mathematics lessons need to be specially designed to allow for group work.
	
	
	
	

	
	e
	You can use group work for other subjects but not for mathematics.
	
	
	
	

	
	f
	If you seat learners in groups then they will copy the work of the others in the group.
	
	
	
	

	
	g
	Learners work best when they work on their own.
	
	
	
	

	
	h
	Learners work better in groups because they enjoy working with their friends.
	
	
	
	

	
	i
	Learners work less effectively if they are in groups.
	
	
	
	

	
	j
	Group work is not possible for learning mathematics.
	
	
	
	

	
	k
	If you seat learners in groups then they will be involved in co-operative learning.
	
	
	
	

	
	l
	The learners will pass on incorrect information to each other and confuse one another
	
	
	
	

	
	m
	Group work means a lot of extra teacher preparation and administration.
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Activity 5.2 contd
	2	Tick the response that best fits how you think group work might work/works in your classroom.

	
	a
	I have tried having the learners work in groups but the class is too big
	

	
	b
	I have never tried group work in my classroom as the learners are too noisy
	

	
	c
	The learners always work in pairs so I do not need to have small groups
	

	
	d
	The learners I teach do not like working in groups
	

	
	e
	The learners in my classes often work in groups
	

	
	f
	The desks in my classroom are arranged in lines so there is no opportunity for group work
	

	
	g
	The desks in my classroom are arranged so the learners can work in pairs
	

	
	h
	I teach in another teacher's classroom and I am not allowed to move the desks 
	



[bookmark: _Toc224216324][bookmark: _Toc225835799]What is group work?
The main idea behind group work is that learners can help each other in the learning process. But, we wish them to share more than just the answers. They help each other to understand concepts better and to build new knowledge. Learners who are not familiar with working in groups may feel uncomfortable initially but, with perseverance, they can develop sound co-operative behaviour.
Whilst working in groups, learners can get clarity about their ideas and practise their skills. This usually occurs by means of discussion to reinforce concepts and practical activities that allow the practice of skills already learnt. Usually special worksheets are designed by the teacher, to guide the learners’ discussions and activities. 
Another form of group work is problem-based and requires learners to work in small groups in order to discover or ‘uncover’ new concepts and ideas. Through experimenting, thinking and talking, the learners interact with each other and with the problem, and construct new knowledge. The teacher’s role is to mediate the learning within the groups.
In any classroom a teacher may structure lessons so that learners:
· Compete in a win-lose struggle to see who is the best.
· Work independently on their own learning goals as individuals learning at their own pace and in their own space to achieve a pre-set criterion of excellence 
· Work co-operatively in small groups, ensuring that all members master the assigned material.



Below are three different ways of learning, with the principle behind each type.
	COMPETITIVE LEARNING
	The principle here is:
I swim, you sink; I sink, you swim.
If I achieve my goals you cannot achieve yours

	· This learning fosters negative interdependence.
· Learners obtain assigned goals if and only if others fail.
· The teacher is perceived as the major source of support; as a referee and/or judge.
· If learners do not feel that they have an equal chance to win they often give up and do not try.
· A typical teacher response is:
‘Who has the most so far?’ or ‘what do you need to do to win next time?’

	INDIVIDUALISTIC LEARNING
	The principle here is:
We are each in this alone.
I do not depend on you to achieve my goal

	· Learners work on their own; there is no interaction.
· Learners seek help only from the teacher; the teacher is seen as the major source of information.
· The learner celebrates only his own success.
· A typical teacher response is:
‘Do not bother Mike while he is working. Raise your hand if you need help.’
· Learners are encouraged to compete with themselves to strive for excellence.
· Learners are not held back by those learners who have no interest in learning anything.

	CO-OPERATIVE LEARNING
	The principle here is:
We sink or swim together.
I can only achieve my goal if you achieve your goal.

	· There is positive interdependence.
· Learners are working together to achieve shared goals.
· There is prolonged interaction with much helping, sharing, general support and encouragement.
· Learners only reach goals if others also reach them.
The teacher monitors and intervenes in learning groups.
The teacher facilitates the learning of collaborative skills.
A typical teacher response is:
‘Mike, can you explain your group’s answer to question 3?’  or  
‘Ask for help only when you have consulted all group members’.




The goal of co-operative learning is the instructional use of small groups so that learners work together to maximise their own and each other’s learning.
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Activity 5.3
	1	Write a paragraph describing whether you encourage competitive, individualistic or co-operative learning in your classrooms.
2	Based on what you have read above and your own experiences draw up a table of the advantages and disadvantages of having the learners in your classroom working in small groups.


[bookmark: _Toc224216325][bookmark: _Toc225835800]What makes co-operative learning work?
There is more to co-operative learning than a seating arrangement!  For co-operation to work well, teachers have to explicitly structure five essential elements for any lesson in which group work plays a part.
Positive interdependence
The members of the group must believe that they cannot succeed unless everyone succeeds.
Examples of strategies that encourage this are:
· the overall group score has to be above a certain amount
· each member of the group has to score at least a set level
· the group must produce one product.
Activities and tasks need to be carefully structured so that each member of the group has some resource or material that others need. They therefore cannot achieve the desired goal on their own. To help achieve this, members of the group are often assigned a specific role, e.g. reader, checker, scribe.
Individual and group accountability
The purpose of co-operative groups is to make each member of the group a stronger individual in his or her own right. The group members must understand that they cannot ‘hitch-hike’ on the work of others. They are required to work as a whole and they may need to help one another to achieve the desired goal.
It is important to provide a structure in which group members can hold each other accountable; this might take the form of peer assessment within the group. 
For example:
REFLECTION ON GROUP PROGRESS

	
	
	Agree
	
	
	Disagree

	My group
	· had clear goals
	A
	B
	C
	D

	
	· made good progress
	A
	B
	C
	D

	
	· stayed on task
	A
	B
	C
	D

	
	· helped each other
	A
	B
	C
	D



If groups are kept small, it is possible to observe and record the frequency of participation of the group members. An example of a teacher-observation sheet is shown below:
OBSERVATION FORM
	NAME
	Contributes information and ideas
	Encourages participation; invites others to speak
	Checks for understanding
	Gives the group direction
	Listens to others

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	


The table below (taken from the Learning Programme Guidelines for Mathematics) shows a checklist for the teacher on group work skills. (Other criteria assessing group work skills may also be used.)

	Criteria
	Yes
	No

	Does the learner perform designated task in the group?
	
	

	Does the learner participate fully in group activities? 
	
	

	Does the learner listen to other group members?
	
	

	Is the learner focused on the group activities?
	
	

	Does the learner assist other group members when there is a need?
	
	


The teacher should try to find time to listen to each group, to intervene when necessary, to encourage improvement of academic skills and small group skills. 
Face-to-face interaction
It must be made clear that groups must meet to do the work. Some time must be scheduled into class time as you cannot assume that they are all able to meet for homework. 
Interpersonal and small group skills
Interpersonal and small-group skills do not magically appear. If you are going to use co-operative learning successfully, you have to find ways to teach the learners how to behave towards each other, so that their groups are productive. All learners must be taught the skills for high quality collaboration; learning how to work together is a process and there is a need to develop certain ‘small-group skills or behaviours’. Learners do not always find these skills easy to identify or to put into practice. Skills and behaviours necessary for effective co-operative learning include the following:

	· encouraging participation
· expressing warmth
· contributing ideas
· summarising
· checking for understanding
· relieving tension by joking
· keeping the peace
	· expressing support 
· listening
· giving direction
· staying on the task
· using quiet voices
· explaining answers
· criticising ideas without criticising people



The learners need to trust each other; communicate accurately, accept and support each other and resolve conflicts constructively.
Teachers play a vital role in ensuring that groups function effectively. The teacher must continually reinforce the behaviours that he/she wishes to see by encouraging the learners to persevere in practising the skills they have highlighted.
[bookmark: _Toc224216326][bookmark: _Toc225835801]Reflecting on the work of the groups
While groups should be consistently monitored to assess academic progress and to assess the use of the small group skills, the teacher needs to reflect on each session to assess the quality of the interactions. It might be necessary to decide what actions/interactions within the groups worked well and which did not; which interactions were or were not helpful etc. This enables the teacher to set goals as to how to improve the effectiveness of the groups. 
International research has found that group work enables:
· higher achievement and increased retention
· more frequent higher level reasoning, deeper understanding and critical thinking
· more ‘on task’ and less disruptive behaviour
· greater achievement motivation and intrinsic motivation to learn
· greater ability to view situations from the perspective of others
· more positive accepting and supportive behaviours with peers regardless of gender, ability, ethnic, social class or handicap differences
· greater social support
· more positive attitudes towards teachers, principals and other staff
· more positive attitudes towards subject areas, learning and school
· greater psychological health adjustment and well-being
· more positive self-esteem based on self-acceptance
· greater social competencies.
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Activity 5.4
	In this activity you will get your class to work in pairs on a task and then reflect on how successful you think the task was with the class. Remember that it takes a little while for learners to get used to working together if they have never done it before.
1	Divide the class into pairs.
2	Give the learners a mathematics problem to complete with their partners. (Hand in with assignment)
3	Observe and take notes as they work. Interact with pairs if they need assistance.
4	If possible give each learner a short self assessment on how they liked/felt about working with a partner.
5	At the end of the lesson write a short reflection on how well the learners worked together. 


[bookmark: _Toc224216327][bookmark: _Toc225835802]Arranging learners into groups
There are many ways of organising learners into groups. There may be times when the teacher prefers to group learners with similar ability, at other times he/she might want to group learners with different levels of ability. Much of the research on co-operative learning seems to indicate that heterogeneous (mixed-ability) groups are best. Educationalists point out that a mix of ability, gender, language, culture and social background allows more diversity of thought, with more giving and receiving of explanations. However, when using mixed-ability grouping, it is not a good idea to put very weak learners with high-achievers, as the learners who struggle may be too shy to offer their suggestions. Some educationalists have indicated in their research that all learners tended to be active participants in groups with narrow ranges of ability.
To begin, it is best to start by working in pairs. After any whole class discussion, simply suggest that learners help each other complete their worksheets or exercises. When new concepts are introduced the pairs can be encouraged to explain these concepts to each other, and to check for understanding. This ensures that all students are actively involved. 
After a time of working in pairs, learners could be assigned to groups of 3 or 4. When assigning learners to groups the teacher should try to ensure that each group has at least one learner who is confident and competent at mathematics. To encourage a co-operative and supportive group atmosphere it is best to keep learners in the same group for at least one marking cycle. Working together for an extended period of time allows a team spirit to grow and encourages a working relationship to develop. However, for various reasons, learners do not always feel comfortable with their groups, so if necessary they can be regrouped.
Researchers have found that groups of 3 or 4 students are the most successful because:
· groups of 4 can be split into 2 pairs where suitable;  
· if one group member is absent, there is still enough support;  
· sometimes, if there are only 2 learners working together, the initial conversation may falter;   
· when learners work in groups of 3 or 4, each should have enough opportunity to ask questions, and to give ideas.
· learners are more likely to offer suggestions and to express their concerns to 2 or 3 others than to do so in front of the whole class.
Depending on the activity, it might be necessary to define and assign different roles to the members of a group. Roles can describe what is expected of a learner, ensuring that he/she participates in the activity. Suggested roles are:
· explainer of ideas  - shares ideas and elaborates on them when necessary
· recorder  - writes down conjectures, proposed steps, conclusions
· encourager of participation - makes sure that all members are contributing
· support giver - gives support by acknowledging and praising ideas
· checker of understanding - checks that everyone in the group can explain how to arrive at an answer
· voice monitor - ensures that everyone speaks in quiet voices but loud and clear enough to be heard by the other group members
· initiator - initiates discussion, suggests a plan of action
· peace-maker - mediates differences; effects compromise.
It may be easier to introduce the idea of group roles by using a sports team as an illustration. If your learners are enthusiastic about soccer, for example, you can look at the roles of the manager, the coach, the centre, etc. Ask the learners to define these roles and say why they are important. You can also discuss what would happen if players did not do their jobs properly. Learners can then identify the roles that they would like to see active in their own groups. Keep the labels simple and decide on only a few roles such as coach, reader, summariser, encourager, etc.
Roles can be rotated so that each group member has a chance to practise the different behaviours. Learners should also see that each group member can take on different roles at different times. 
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Activity 5.5


	1	Try this game with your learners to teach them about working in a group; how to co-operate with the others in the group
This game is called BROKEN SQUARES and is taken from Getting Practical About Outcomes-based Education, Gultig and Stilau (eds), Oxford University Press, 2002. 
Arrange the learners in groups of 5. You will need to prepare 5 squares per group.
Prepare the squares 
Cut up squares of paper into different shaped pieces as shown here:
Place three pieces (each one from a different square) into an envelope – one envelope per member of the group. Make sure that no envelope contains only pieces of a single square. 
 (
A
E
B
) (
B
E
C
) (
C
)

 (
A
) (
D
)


 (
E
D
B
) (
C
D
A
)


Apparatus:

Give each group of 5 learners a set of 5 envelopes. In each envelope there should be 3 pieces of a broken square. (Letters together in an envelope)
Task instructions:
Each group must form 5 squares from the apparatus given them.
They must do this in silence. Group members may not signal each other to give them a piece of a square. However, members may give pieces of squares to other players in their group if they see that this will assist the member to complete a square.

	

	Groups have 20 minutes to form 5 squares of equal size. No group’s task is complete until all five members have squares of the same size.
After about 20 minutes, ask the learners to talk about what happened. Was it difficult to work co-operatively?  What made it difficult?
Write a reflection on playing this game with your class. 
How did the class respond?  Did the game achieve its aim (to allow learners an experience of working co-operatively)?  

	
	2	Organise your class into groups of 3 or 4. 
 (
edge
face
vertex
)The groups are going to investigate some 3D objects. Each member of the group will construct one 3D shape. The group members will then count the number of the edges, the faces and the vertices (corners) of each shape. You, the teacher will provide the nets for the learners by enlarging the nets on the next page. You might need to assist the learners to construct the shapes.
The learners then complete the table below.




	Shape
	Name
	No. of vertices
	No. of edges
	No. of faces

	A
	
	
	
	

	B
	
	
	
	

	C
	
	
	
	

	D
	
	
	
	

	E
	
	
	
	


Give the class a couple of lessons to complete this task.
Observe and take notes as the learners work together.
Some of the things to look for:
· Are some groups working better than others?  Try to explain why you think this is so.
· Are all members of the group participating in the activity?
· Are the learners being encouraged/distracted by the others in the group?
· Are there problem groups?  Why are they experiencing problems?
· Did the learners enjoy the activity?
· Do you have any ideas that could be used to promote the ethos of working in groups?

	
	3	Design your own activity for your class in which learners will work co-operatively on a topic (idea/concept) relating to one of the assessment standards of your Mathematics Curriculum. 
Write down:
· the expected outcomes,
· the apparatus needed,
· explicit instructions for the learners.



Nets for Activity 5 question 2
For all nets:	Cut out, fold along all lines and glue tabs.
[bookmark: _Toc205026259][bookmark: _Toc205027086][bookmark: _Toc205027295]Tetrahedron Net (Triangular pyramid)	 Cube Net
[image: http://mathforum.org/alejandre/workshops/tetrahedron.net.gif][image: http://mathforum.org/alejandre/workshops/cube.net.gif]






[bookmark: _Toc205026261][bookmark: _Toc205027088][bookmark: _Toc205027297]Square pyramid Net	Rectangular prism Net (Cuboid)	Triangular prism net
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[bookmark: _Toc224216328][bookmark: _Toc225835803]Assessing group work
Assessment plays a vital role in the new curriculum and assessment in group work might affect how the learners will interact in the group. 
If the teacher believes that co-operative group work promotes individual learning, he/she should design the assessment to facilitate this. Some ways to do this are discussed below. 
Group average for each member
Learners work in their pairs or groups and then hand in a group product to be assessed. This group assessment is given to each member of the group. This can be done occasionally to encourage learners to support their partners. Some learners might find this frustrating, particularly if the rest of the group is weak or not interested. This could discourage them from giving their best. Teachers need to be on the lookout for this and guard against it.
Individual mark and group average
Assignments are assessed individually but then count for only a portion of the final mark, say 70%, while the group average makes up the other 30%. This weighting of the marks does not have a great effect on the individual’s mark, but it does provide an incentive to take responsibility for others in the group.
Marks for good co-operative behaviour 
Other assessments during the year should also count. Continuous assessment can take place at appropriate times when the teacher is able to walk around and observe, while the groups are busy with work. A simple rating scale of 0, 1 or 2 could be given to the group depending on the involvement of the group members. At the end of the lesson each group should hand in a group effort assessment and marks can be awarded when a serious attempt has been made to reach the goals of an activity.
Below are some examples of assessments that might be used when your class participates in group work. While these assessment sheets or rubrics are specifically designed for group work they can obviously be modified to be used when learners work individually or in pairs.
[bookmark: _Toc224216329][bookmark: _Toc225835804]Self assessment in group participation
It is important that group members learn to assess themselves. They can ask themselves questions such as:
· How did I feel about working in a group?  
· Did I contribute to the group?
This rubric that follows can be used for this sort of assessment.
	My participation in the group
	Almost always
	Often
	Sometimes
	Rarely

	I did my fair share of the work
	
	
	
	

	I was considerate to the other members of the group
	
	
	
	

	I gave ideas and suggestions that helped the group
	
	
	
	

	I completed my allocation of work properly and in time.
	
	
	
	


[bookmark: _Toc224216330][bookmark: _Toc225835805]Peer assessment of group participation 
As learners become more familiar with working in groups you can ask them to assess each other, either individually or how they worked as a group.
Fill out the group assessment rubric based on the numbered legend. You are assessing how the members of your group worked together.

4 – excellent; 3 – good; 2 – satisfactory; 1 – inadequate
	Group Names
	Interaction with members of group
	Listened to other members of group
	Helped and encouraged other members of the group
	Shared the work of the task
	Completed assigned work

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	


[bookmark: _Toc224216331][bookmark: _Toc225835806]Teacher assessment of group interaction
Obviously the assessment of learners’ group work by the teacher is an important aspect of learners working together.
	
	Excellent
	Good
	Satisfactory
	Inadequate

	Group participation
	All learners participate enthusiastically
	Most of the learners actively participate
	At least half the learners contribute ideas
	Only one or two learners actively participate

	Shared responsibility
	Responsibility for task is shared evenly
	Responsibility is shared by most group members
	Responsibility is shared by less than half the group members
	There is reliance on one person in the group

	Quality of interaction
	Excellent listening skills exhibited; learners’ behaviour reflects awareness of others' views and opinions in their discussions
	Learners show some interaction; lively discussion centres on the task
	Little ability to interact; some attentive listening; but dominance by one or two group members
	Little interaction; very brief conversations; some learners are disinterested or distracted

	Roles allocation 
	Each learner assigned a clearly defined role; group members perform roles effectively
	Each learner assigned a role but roles not clearly defined or consistently adhered to
	Learners assigned roles but roles were not consistently adhered to
	No effort made to assign roles to group members

	Co-operative nature of group
	All learners take responsibility for their assigned work and ensure that all work by the group is of a very good standard
	Learners work on assigned work and most show cooperation in completion of task
	Learners work on assigned work but less than half are concerned that task is completed
	Learners work individually on assigned work and show no co-operation in completion of task


Another way of assessing group work activities is to use a checklist. Checklists consist of statements describing a learner’s expected performance in a particular task. When a particular statement (criterion) on the checklist can be observed as having been satisfied by a learner during the activity, the statement can be ticked off. All the statements that have been ticked off on the list describe the learner’s performance in the group work activity. Checklists are also very useful for peer assessment of activities. The checklist on the next page comes from the LPG for Mathematics in NCS.
Other criteria for assessing group work skills may also be included, as you identify them for the group of learners that you teach.

	Criteria
	Yes
	No

	Does the learner perform the designated task in the group?
	
	

	Does the learner participate fully in group activities?
	
	

	Does the learner listen to other group members?
	
	

	Is the learner focused on the group activities?
	
	

	Does the learner assist other group members when there is a need?
	
	



	[image: ]
Activity 5.6
	Read the rubrics given above carefully. 
1	Evaluate them in terms of your learners and modify them if necessary. 
2	Use the teacher rubric to assess a group work task/activity in your classroom. Write a short reflection on how you used the rubric. 
3	Use one of the learner rubrics to assess a different group work task/activity. Write a short reflection on how the learners responded to the rubric. 
Note in particular how serious the learners were in assessing themselves and/or each other.
4	Design a checklist, similar to the one shown above to assess a mathematics activity for one of your classes. Write a short reflection on how successful the checklist was to assess the performance of the learners. 



[bookmark: _Toc224216332][bookmark: _Toc225835807]Dealing with diversity
One of the most difficult challenges facing teachers today is the need to reach all of the learners in an increasingly difficult classroom. Our classrooms all contain a range of learners with different abilities and backgrounds.
In a traditional teacher-directed lesson, it is assumed that all learners will understand and use the same approach and the same ideas - and follow the teacher’s rules or directions in an instrumental manner. This approach does not cater for the range of learner differences in ability. The problem-based approach to teaching is considered to be the best way to teach mathematics and accommodate the range of learner abilities at the same time. In a problem-based classroom, learners make sense of the mathematics in their own way, bringing to the problems only the skill and ideas that they own. 
The following list mentions a few specific things that you can do to attend to the diversity of learners in your classroom:
· Be sure that problems have multiple entry points.
· Plan differentiated tasks.
· Use heterogeneous groupings.
· Listen carefully to learners.
[bookmark: _Toc224216333][bookmark: _Toc225835808]Plan for multiple entry points
Many tasks can be solved with a range of methods – especially computational tasks where learner-invested methods are encouraged and valued. This can be achieved by telling the students to use their own ideas to solve a problem. In this way the students will inevitably come up with a number of different ways to complete the task they are given.
Manipulative models can be used effectively to vary the entry points. Learners can also be challenged to devise rules or methods that are less dependent on manipulatives or drawings.
[bookmark: _Toc224216334][bookmark: _Toc225835809]Listen carefully to learners
It is always important to listen to your learners. Try to find out how they are thinking, what ideas they have and how they are approaching problems which are causing difficulty.
Develop an accurate hypothesis as possible about the ideas they have on the current topic.
Every child is capable - by listening carefully you will be in a better position to guide the learners.
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Activity 5.7
	Design a task for grade 11 learners. 
The task must have multiple entry points.



[bookmark: _Toc224216335][bookmark: _Toc225835810]Drill and practice
Usually drill and practice refers to the repetitive procedural work that learners are expected to do, in the hope that this will help them learn, or at least, consolidate the new ideas they have been introduced to. However, in the interest of developing a new or different perspective on drill and practice, Van de Walle (2004) offers the following definitions that differentiate between these terms as different types of activities rather than link them together:
· Practice refers to different problem-based tasks or experiences, spread over numerous class periods, each addressing the same basic ideas.
· Drill, on the other hand, refers to repetitive, non problem-based exercises designed to improve skills or procedures already acquired.
[bookmark: _Toc224216336][bookmark: _Toc225835811]What drill provides
Drill can provide learners with the following:
· An increased facility with a strategy that they have already learned.
· A focus on specific methods i.e. no use of flexible alternative methods.
· A false appearance of understanding.
· A rule-oriented view of what mathematics is about. 
If you had to convince a traditional teacher why drill alone does not adequately benefit the learner in terms of effective learning, you could motivate your argument using the following points:
· Drill is not a reflective activity
· Drill narrows one’s thinking, rather than promotes flexibility
· There is no indication of conceptual understanding - procedures are easily and quickly forgotten and confused
· There is little joy, interest and enthusiasm
· Drill does not provide any new skills or strategies.
There are some profitable uses of drill:
· An efficiency strategy for the skill to be drilled which is already in place.
· Automaticity, with the skill or strategy, is a desired outcome.
It is possible that the skills that learners need to acquire are weak and unperfected. They then need to be repeated in order to acquire a state of efficiency. However, it is important to note that if the skill is not there to begin with, no amount of drill will create it. 
Automaticity means that the skill can be performed quickly and mindlessly - for example, performing long division without thinking about the meaning behind the steps. The mental mathematics of the intermediate phase calls for some drill, to enable learners to work easily with numbers. However, there should always be room for learners to perform their mental mathematics using different strategies that suit them best.
Flexibility is important in computations because the demands of the context suggest different approaches. Even with basic facts, we know that different learners use different strategies. Learners need to learn how to sift through different methods of thinking, which require problem-based tasks and adequate opportunities with varied contexts.
[bookmark: _Toc224216337][bookmark: _Toc225835812]What practice provides
In essence, practice is what your study material is about - providing learners with ample and varied opportunities to reflect on or create new ideas through problem-based tasks.
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Activity 5.8
	Drill and practice
1	Analyse these two contrasting terms (drill and practice) as defined above.
2	A possible distinction is made between drill and practice. Explain the difference.
3	Reflect on your classroom experience and then decide on which activity between drill and practice is more prevalent with the learners.
4	Will your observation have any implications on your future classroom practice? Explain your response.
5	The drill definition requires that skills are already acquired before they are drilled. What implication will this have for planning problem-based lessons? Explain.



[bookmark: _Toc224216338][bookmark: _Toc225835813]Lesson planning
This unit has given a lot of ideas on planning for and dealing with classrooms with diverse learner groups. To end with, we give you an example of a lesson planning template that you could use (as it is, or adapted to suit your needs) to plan your lessons. Good teaching is based on good planning. There is no substitute for being well prepared for teaching. The annotated lesson plan that follows is presented to give you some indication of the detail to which you should go, in order to ensure that a lesson will go smoothly, and the kinds of learning that you anticipate will actually come to fruition. 
The plan refers to the activity sheet below, so you will need to refer this activity as you work through the plan.
	[image: ]
Activity 5.9
	In this activity you will be expected to work through the lesson plan below, and then discuss it critically.
Surface area and volume investigation
Each group of students will get tape, beans, 2 sheets of A4 board and two sheets of A4 paper. Paper plates to catch the beans.
Instructions: 
Take two sheets of A4 cardboard and hold them portrait style. 
Fold one into three equal columns and connect the 297 mm edges with tape. 
Fold the other into four equal columns and connect the 297 mm edges with tape. 
Take two sheets of paper:
Take the sheet of paper (portrait) style also, and tape the 297 mm edges together. Do not crease this sheet, it should be a cylinder.
Hold the second sheet of paper landscape style and tape together the 210 mm edges.
Questions to discuss and report back on: 
1	What is the lateral surface area of the two prisms and the cylinder?
2	Fill the triangular prism to the top with beans. Hold the sides rigid - do not let them bow out or they will be cylinders and not prisms. Pour the beans from the triangular prism into the square prism? Does it fill the prism? Mark the height of the beans. Now pour the beans into the cylinder, allow this to bow out (it is supposed to be round). Mark the height of the beans. Does shape affect volume when the surface area is equivalent? Now take the last sheet of paper and pour the beans from the tall cylinder into the shorter one. Mark the height of the beans. What did you observe? What shape do you think will have the smallest surface area for a given volume?




	Grade: Example Grade 10		
Date: Write the actual date – then consecutive lessons will follow in date order

	Learning Outcome(s): Write this in words from the NCS document (Don’t write LO numbers!).

	Assessment Standard(s): Write this in words from the NCS document (Don’t write AS numbers!). Write only what is appropriate for THIS lesson ONLY

	Lesson outcome(s): Write the outcomes for this lesson ONLY. This must be done in your own words.  So for the Surface Area (SA) and volume task (above) you could write: At the end of the lesson the learner should be able to distinguish which prism will have the greatest volume for a fixed surface area. 



	1.1
	Prior knowledge
	Here you write the knowledge that the learners should already have in order to complete the tasks set in this lesson. Example: learners must be able to name and identify 3D shapes or learners must be able to calculate the volume of a cylinder. 
	1.2 
Resources
	Write down the Physical material needed for this lesson. This includes Printed material like lesson notes and books as well. For example this SA task  requires that each group have tape, beans, 2 sheets of A4 board and two sheets of A4 paper

	
	
	What the teacher will do
	What the learners will do

	2.1 
	Introduction
	This is the opening part of the lesson. You need to say. What you will do to introduce the lesson. 
Example: Ask learners to guess how the volumes of each of the four 3D shapes will compare? Will they be the same? The teacher should not correct them, but allow them to justify their answer without calculation. The expected response is that they will say the volume is all the same since the SA is the same.
	What will the learners be doing during this introductory part of the lesson? 
The learners discuss the questions in groups and justify their hypothesis. 

	2.2 
	Body of the lesson
	· This is the part of the lesson where the main learning takes place – where new mathematical ideas are investigated / explained etc. 
· Remember that you need to consider the different levels of learners’ understanding and cater for them. We want to see that you have included varied types of problems including routine and non-routine types for your learners.
· If it is a teacher explanation lesson:
· Write out in FULL how you will explain the concept. Include leading questions you will ask, and indicate responses you would predict. 
· How will you check for understanding of the concepts taught? Don’t just say “I will ask them if they understand.” Explain how you will look for meaningful understanding. 
· If you are using a textbook activity, like Classroom Mathematics pg 30 – you MUST attach a copy of the activity. 
If it is an investigation activity:
· Explain (as you would to the learners) the task. Break down the instructions etc.
· Attach a copy of the task if necessary. 
· Explain how you mediate whilst learners are busy with the task. For example: How do you plan to help learners if they are stuck? 
	Indicate learner activities during this phase. 
How will they be organized in the classroom? Will they be in groups? Pairs? What roles will they have in the groups?  How do you expect them to respond? Will they prepare written reports or oral reports? In groups or individually? 



	2.3
	Conclusion
	This is where you wrap up the lesson.
How will you:
Consolidate the learning?
Check for understanding?
Look towards the next lesson? 
Example: Ask learners to order the prisms and cylinders in order of increasing volume. Perhaps ask them which shape will they use to package peanuts if they wanted it to look like the volume was the most, etc. 
	What will learners do here? E.g.: 
Summarise their learning
Report back
Take down homework
Write out what they need to prepare for next lesson



	2.4.
	Provision for diverse class:



Extension:


Barriers:




Integration:

	Here you have to write out ways in which you make provisions for your diverse learner group. This may not be required for every lesson, depending on the content. However you should make some provision for each of these categories on the left every week. You need to remember that you should always carefully consider catering for diversity in your classroom. 
Extension: This must NOT always be just that you give learners extra work if they are ahead or have completed the task early. Try to provide stimulating and exciting extensions for your learners. 
Barriers: Here you can include activities which have been adapted for different learners (You may want to use the Case Study learners as examples of types of learners that you have catered for – Thomas, Libuseng, Joyce, Patience and Joseph – you will get more information about these learners in unit six of this guide.) 
Integration: You need to plan for integration. You cannot just write “links to physical science”. You must specify how you will link knowledge gained to these areas. 
· For example, you can link the idea of surface area to content in the Science learning area as follows: Surface area is vital in understanding how the skin works. Large surface areas allow for excess moisture to be released quickly. Similarly when deciding how to make your coke colder faster you need to consider surface area and whether smaller cubes or a larger cube with same total volume will be a better option. How about if you wanted to keep it cold for longer, then which one would be a better choice? 
· You could also show real world relevance and examples in different contexts. 
· Show integration across other maths content – for example, link with other relevant 3D work. 


	2.5
	Homework
	Specify the homework that needs to be done. It is not necessary to attach textbook activities that are set for homework. You can just include a brief description to clarify the homework task. But for your records you need to write down exactly which activity and which numbers the learners had to do for homework.

	2.6
	Assessment
	· This should be an integral part of the lesson – you may have explained the assessment task in the body of the lesson already. You will learn more about assessment in unit five of this guide.
· If you need to explain the assessment strategies here, then you can write it out here. 
· You should make sure that you have copies of any tasks, rubrics, peer assessment forms, memos and so on in your file.

	3.
	Reflection:
	This is a brief reflection:
Reflections after having taught the lesson (once you have already done this)
· Did it go as planned?
· What changes can you make?
· Write down any comments/ changes/ ideas you have for amending the plan based on your experience of teaching the lesson.


On the next page we provide a blank of the template of the lesson plan, for your use.

	Grade:……………………….	Date:………………………………..

	Learning Outcome(s)

	Assessment Standard(s)

	Lesson outcome(s):

	1.1 	Prior Knowledge

	1.2 	Resources
	

	
	What the teacher will do
	What the learners will do

	2.1 	Introduction

	 
	

	2.2 	Body of the lesson

	
	

	2.3 	Conclusion

	
	

	2.4. 	Provision for diverse class:
Extension:
Barriers:
Integration:

	
	

	2.5 	Homework

	
	

	2.6 	Assessment

	
	

	3 	Reflection:

	
	


[bookmark: _Toc224216339]


[bookmark: _Toc225835814]Unit summary
It would be appropriate here to concur with Gagnè & Briggs (1979) who state that the processes involved in an act of learning are, to a large extent, activated internally, however, these processes may be influenced by external events, and this is what makes instruction (or teaching) possible.
Typically then: 
Instruction (or teaching) is a set of events external to the learner which is designed to support the internal process of learning (Gagnè & Briggs, 1979).
So you see that the events of planning in the problem-based classroom are designed to make it possible for the learner to proceed from where he or she is, to the achievement of the capability of the mathematics (in the form of ideas, relationships and connections) - these are embedded in the tasks and activities.
The steps given in this unit provide a very practical model for planning in a problem-based classroom. The first four steps are intended to prepare the teacher. This is crucial - decisions made here will define the content, what learners should already know, the prerequisite knowledge and the tasks that your learners will work on. The next four steps are intended to implement the lesson - to make sure that the lesson runs smoothly in the ‘before, during and after’ portions of the lesson. 
Finally, you can write a concise lesson plan, knowing that you have thought it out thoroughly.
Planning should reach all the learners in their increasingly diverse classrooms - by using differentiated tasks, allowing for multiple entry points, listening carefully to students and using heterogeneous groupings. Now definitions of drill and practice are used here to further differentiate between the traditional and problem-based approaches. 
The lesson structure that you use should promote appropriate reflective thought about the ideas you want learners to develop. Without actively thinking about the important concepts of the lesson, learning will not happen.
How can we make it happen?  When planning for a problem-based classroom, take the following suggestions into account:
· Create a mathematical environment.
· Pose worthwhile mathematical tasks.
· Use models and calculators as thinking tools.
· Encourage discourse, discussion and writing.
· Require justification of learner responses.
· Listen actively.
[bookmark: _Toc224216340]

[bookmark: _Toc225835815]Self assessment
Tick the boxes to assess whether you have achieved the outcomes for this unit. If you cannot tick the boxes, you should go back and work through the relevant part in unit again.
I am able to:
	#
	Checklist
	

	1
	Describe the step-by-step process of planning for a problem-based lesson.
	

	2
	Write out a well thought out and concise lesson plan based on a problem-based strategy.
	

	3
	Critically discuss some variations of the three-part lesson.
	

	4
	Discuss how workstation activities or games can be profitably and meaningfully used to enhance a problem-based lesson.
	

	5
	Discuss the effective use of group work.
	

	6
	Explain the differences between competitive learning, individualistic learning and collaborative learning.
	

	7
	Discuss the effective use of collaborative/co-operative learning.
	

	8
	Plan for reaching all learners through effective problem- solving strategies - to be used in an increasingly diverse classroom.
	

	9
	Differentiate between the two terms 'drill' and 'practice' as strategies in the context of problem solving.
	

	10
	Analyse the inadequacy of the provision of repetitive 'drill' compared to the varied opportunities provided by practice in the problem-solving situation.
	

	11
	Critically reflect on the drill and practice as strategies underlying homework tasks or activities
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[bookmark: _Toc224221817][bookmark: _Toc225835817]Unit Six: 	Building assessment into teaching and learning 
[bookmark: _Toc224221819][bookmark: _Toc225835818]Unit outcomes
Upon completion of unit six you will be able to:
· Explain the term assessment
· Identify four purposes of assessment 
· Explain the principles of outcomes-based assessment (OBA)
· Describe the role and purpose of assessment in mathematics
· Implement a variety of types of assessment in assessing your learners' performance in mathematics
· Identify and explain the aspects of mathematics learning you ought to consider when assessing learners
· Reflect on the assessment potential of mathematical tasks used in the teaching of basic data handling concepts
· Select appropriate methods, techniques and tools for assessing a learner's performance in mathematics
· Draw up or design your own assessment tasks and rubrics to be used when assessing a learner's work
· Compare various methods of recording a learner's performance.

[bookmark: _Toc157954820][bookmark: _Toc160859668][bookmark: _Toc202486501][bookmark: _Toc224221820][bookmark: _Toc225835819]Introduction
In our discussion of the term ‘assessment’, we will take into account the perspectives embodied in the principles of outcomes-based education (OBE), as implemented in South Africa. In this unit we analyze the purposes of assessment and give an overview of the main types of assessment and their use or function in classroom practice within the framework of OBE.
Assessment occupies a central place in education and especially in the mathematics curriculum. When assessment is done well, it empowers everyone because it: 
· informs learners about what they have learned, what they have still to learn and how best to learn it;
· informs teachers about how to instruct or teach more effectively;
· informs parents about how best to support their child's learning. 
When done poorly, however, assessment can lead to a misrepresentation of learning outcomes and thereby result in superficial teaching and learning. Thus, assessment should be an integral part of teaching and learning which functions as a quality assurance mechanism to ensure good teaching and learning practice.
The idea that assessment can and should contribute constructively to the curriculum has led to some debate and controversy about the nature, role, importance and the place of assessment in education. One view is that there is a need for new assessment practices to complement more traditional, widely used techniques. These new assessment practices ought to:
· take into account the current curriculum, content and goals
· inform teaching initiatives in terms of achieving outcomes
· comply with national and institutional policies.
Pegg (2002: 227) states that assessment should always be sensitive to the learner's cognitive development. For example, if you have just finished teaching your learners how to add four digit whole numbers to five digit whole numbers, it would not be fair to give them an assessment task that only includes addition and subtraction of numbers with several decimal places. This will not give them the opportunity to show that they have grasped the addition process they have just been working with. You may wish to add one or two questions to the end of the assessment task (on adding four digit whole numbers to five digit whole numbers) which allow learners to show that they can apply their understanding of adding numbers with different place values to a range of numbers. To realize the positive potential of assessment in our classrooms, we need a clear idea of: 
· why we are doing assessment in the first place
· what it is we are assessing
· how best to go about it.
After reading this unit you will be aware that assessment is more than a set of tests or assignments. Assessment has a purpose and we need to establish the purpose of assessment in order to design an appropriate assessment programme that will enable us to achieve our goals. This unit will elaborate on:
· how the purpose of assessment has changed in the new curriculum
· four main purposes of assessment in SA’s educational system.
We will give an illustration of baseline assessment tests used to establish the readiness of learners to measure items using standard units of measurement.
All of the material in the earlier units of this guide has suggested that teaching in accordance with the NCS will result in learner-centred teaching. This style of teaching will assist learners to develop their reasoning skills and their ability to solve mathematical problems both in and out of real contexts. The diverse classes that many teachers have to face will also benefit greatly from learner-centred teaching, which will be able to address individual needs where appropriate. Assessment which is not in line with good teaching methods could undermine the value and benefits of that teaching. It is thus essential that the assessment approach you use should support your teaching methods.
Much of the mathematical content used to illustrate and work with the assessment ideas put forward in this unit will come from LO5 (Data Handling). This will give you the opportunity to think about setting tasks that support sound mathematical teaching. We will look at the difference between assessment methods, techniques, and skills. Most importantly we will show that you must relate the purpose of the assessment with what is being assessed. You need to think about what, how and why you assess, how you interpret the results of the assessment and how you will respond to the learners and engage stakeholders in the process.
The following quotation from Assessing Students: How shall we know them? (Derek Rowntree, 1997, Kogan Page, p.11) will serve as a framework for this unit.

Why assess?
Deciding why assessment is to be carried out; what effects or outcomes it is expected to produce.
What to assess?
Deciding, realizing, or otherwise coming to an awareness of what one is looking for, or remarking upon, in the people one is assessing.
How to assess?
Selecting, from among all the means we have at our disposal for learning about people, those that we regard as being most truthful and fair for various sorts of valued knowledge.
How to interpret?
Making sense of the outcomes of whatever observations or measurements of impressions we gather through whatever means we employ; explaining, appreciating, and attaching meaning to the raw ‘events’ of assessment.
How to respond?
Finding appropriate ways of expressing our response to whatever has been assessed and of communicating it to the person concerned (and other people).
Rowntree’s points are very much in line with the RNCS for Mathematics for grades R-9, (DOE 2002:93), which states that 
Assessment is a continuous, planned process of gathering information about the performance of learners measured against the Assessment Standards (ASs) of the Learning Outcomes (LOs). It requires clearly defined criteria and a variety of appropriate strategies to enable teachers to give constructive feedback to learners and to report to parents and other interested people.
As this unit unfolds, it will assist you in meaningfully interpreting and applying this RNCS definition of assessment.
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Assessment is an integral part of our daily lives. Every time we have to make a decision, we have to, for example, assess, value, judge, estimate, appraise, the situation first before we can go any further. To assess means to measure.
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Activity 6.1
	For this activity you need not think of assessment in the context of a mathematics class. Think of it broadly as you experience it or have seen others experience it in everyday life.
1	What ideas about assessment come to mind in your personal experience? Write down some of the ideas.
2	Reflect on the uses of assessment in everyday life. Write down some of the uses that you think of and the impact they have on the individuals being assessed.
3	Discuss what each of the following ideas signify to you in the context of assessment:
	evaluate	appraise 	estimate	competition
	tests 	examinations	fail	pass
	study 	poor marks 	stress 	worried
	motor-vehicle test	doctor's report 	sports coaching	success


[bookmark: _Toc160859670][bookmark: _Toc202486503]
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Your own experience of assessment will have an influence on the way in which you set about assessing your learners. This experience may or may not have features common to those we would like to see emerging in OBA (outcomes-based assessment). The key features of OBA are the following:
· Outcomes-based assessment (OBA) should assist learners to reach their full potential - it should be developmental rather than judgmental.
· Teachers should assess learners to determine what they know, understand, can apply and can do, and to provide learning experiences that lead to higher levels of performance by learners.
· OBA should involve learners actively in using the relevant knowledge in real-life contexts to make sense of the world and to construct meaningful links between the skills, knowledge, concepts, processes, attitudes and values (outcomes) covered. This principle is embodied in the NCS in its critical outcomes, from which the learning outcomes and assessment standards were developed. 
· OBA should be integrated into the teaching and learning process. Effective assessment and recording comes from integrating assessment planning into curriculum planning, phase and programme planning and classroom activity plans (lesson plans).
The four purposes of assessment given below call for assessment methods and techniques that are varied to suit the purpose of the assessment.
Baseline assessment is used to measure learners' existing ideas, knowledge, experiences and skills. It is used at the beginning of a new set of learning activities to determine what the learner already knows (i.e. recognition of prior learning [RPL]). It is used to assist in determining what levels of demands to build into the learning plan. Baseline assessment is not always formally recorded, but occasionally takes the form of standardized tests such as ‘readiness tests’ for school beginners. It is used to enable teachers to identify learners with special needs early on in the learning programme. This assessment can be based on teacher judgment or objective assessment, for example the teacher develops tests to determine the range of ability amongst learners. Another aspect of baseline assessment is that it can involve the interface between teacher and parents when collecting information or when providing feedback.
Formative assessment is assessment of learning which results in process evaluation. It allows teachers to inform the learner and to plan future learning. Formative assessment should involve a developmental approach. It can be formal or informal. It is designed to monitor and support learning progress, and should occur throughout the learning process. Formative assessment involves both the teacher and learner in a process of continual reflection and reviewing of progress, and helps the teacher to determine the learners' strengths and needs. It provides quality feedback to empower learners to take appropriate action and allows teachers to adjust the learning/instruction process according to the response to formative assessment. As such has it has the potential to have the greatest impact on learning. It can be done by the teacher, learner, peer group and parents. The quality of formative assessment is determined by evaluative feedback in order to achieve improvement. An accumulation of formative assessment tasks can be used for summative purposes. 
Your experience of assessment may have been very much test-based. Tests can be formative, if the teacher can use the tests to analyze where learners are and provide specific, focused feedback to the learners based on the tests. The teacher should set frequent short tests rather than infrequent long tests, and guidance can be provided. If more serious or extensive learning problems are diagnosed (through formative assessment) these should be addressed. Formative assessment should test new learning soon after the lesson/theme/topic has been completed.
Diagnostic assessment is specifically focused on uncovering the nature and cause of a learning problem and providing appropriate support and guidance. It can guide the teacher so that appropriate support can be given and would determine whether specialist advice and support should be requested.
Summative assessment is assessment of learning in a holistic context. It is carried out at the end of a learning programme, unit, theme, term, year or grade. Summative assessment provides an overview of the learner's overall progress. It allows the teacher to make a judgement about the learner's performance in relation to a particular standard. It provides valuable data records that can be used for various management purposes (e.g. transfer to other school, scholastic progress for further studies, information for selection and certification purposes etc.). Summative assessment also determines how well a learner has progressed towards the achievement of specific outcomes and in this way facilitates feedback to the learner. Summative assessment should encompass a series of assessment activities which result in an overall report on the performance of the learner. It is usually done by the teacher or specialist. It is reasonably formal, for example tests and examinations are often the means for performing summative assessment. 
Assessment in OBE quite naturally takes the form of what is known as continuous assessment (CASS). 
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Activity 6.2
	1	Why do you think that assessment for OBE ‘quite naturally’ takes the form of continuous assessment?
2	Is continuous assessment the same as formative assessment? 
3	Can continuous assessment be used summatively? Can the results of various tests and assignments and investigations in the course of the year be added to create a global assessment of whether or not the learner has achieved the required set of outcomes at the required level?  



Continuous assessment is ‘natural’ for OBE, because the philosophy of OBE is that learners are on a journey of lifelong learning. As they journey, they will learn the values, attitudes, skills and knowledge that they need to achieve the goals they set for themselves in life. Learners will not only learn things at school. The outcomes, set out in the curriculum documents, speak about certain values, attitudes, skills and knowledge that learners can achieve through the schooling they will receive. It is the responsibility of teachers to ensure that they do indeed achieve the outcomes, as they have been expanded on, grade by grade, as they progress through school.
It is in the nature of outcomes that they will be achieved at different rates by different learners according to factors such as the situation they find themselves in and their individual ability. This achievement will be facilitated by ongoing – formative – feedback, which can be given if assessment is carried out on a continuous basis, using a variety of methods. Learners should be given several opportunities to show that they are progressing in the achievement of the learning outcomes. A policy of continuous assessment facilitates the formative use of assessment. 
To rely on a final high stakes test/examination at the end of a learning process may not allow all learners to demonstrate the range of skills they have developed, and the stages of their progression. Continuous assessment gives you the opportunity to vary the kind of assessment you are using because you assess the learners a number of times and in different ways. The results of all these ways can be used in the final (summative) assessment of learners’ achievement. 
The use of an integrated assessment task – the kind of assessment task that measures across LOs in the performance of an authentic real-life task – could also contribute towards an overall continuous assessment programme.
In summary, continuous assessment embraces all four of the purposes of assessment described above – baseline, diagnostic, formative and summative – and supports the philosophy of OBE. 
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The simple answer to the question, ‘When should assessment take place?’ is that assessment should be ongoing and continuous. But the purpose of the assessment at different points in teaching and learning will be different. 
Assessment before teaching and learning
Before beginning a unit of study one has to determine what the learners already know about what is to be taught, and inform them of how they will benefit from what they are about to learn. Secondly one has to determine the prior knowledge that the learner has already acquired in relation to the current topic.
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During the lesson, one should do ‘in-process assessment'' (also known as ‘feedback'' or ‘formative assessment''). This is important as it provides information on the learner's progress on an ongoing basis. It also indicates to teachers and learners what outcomes have or have not been attained and is used in order to plan follow-up teaching and learning. Performance indicators or assessment standards provide criteria for making a judgment about learning and are used as benchmarks in assessing achievement. The following three levels of achievement may be evaluated during this process:
· Learners show no evidence of having an understanding or skill.
· Learners are developing an understanding or skill.
· Learners have developed an understanding or skill.
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During this phase, assessment is undertaken at specified times after teaching and learning have taken place. The learners' achievements are then communicated to them, their parents and the school personnel. This type of assessment can be classified as summative assessment since it provides information about the achievements of outcomes that can be compared with the assessment standards. Sources of obtaining summative data include in-process assessment, portfolios, assignments individual or group projects, tests, etc.. New directions in teaching mathematics (as in OBE) rely less on norm-referenced evaluation and more on outcomes that focus on all learners attaining important mathematical knowledge.
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We have already established in the earlier units of this guide that outcomes-based education (OBE) is an approach to teaching and learning which stresses what learners are expected to achieve. In OBE, the teacher states in the beginning the performance expected of the learners - this is an outcome. The teacher's task is to teach in order to support or help the learners to achieve the outcomes stated in the curriculum, and the learners' task is to achieve the expected outcomes. Assessment is essential to OBE because 
The teacher is able to measure to what extent a learner has achieved each outcome;
Curriculum-development requires assessment to control whether the curriculum is being implemented successfully.
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We now need to think more specifically about what to assess in our mathematics classes. Within the framework of the NCS, the Critical Outcomes (COs), Developmental Outcomes (DOs), Learning Outcomes (LOs) and Assessment Standards (ASs) serve as the basis for assessment as follows:
The Critical Outcomes (COs) are a list of outcomes that are derived from the Constitution and are contained in the South African Qualifications Act of 1995. They describe the kind of citizen that the education and training system should aim to create. There are seven critical outcomes. The COs give the goals (outcomes) we are all in the process of working towards in the process of life-long learning.
The Developmental Outcomes (DOs) are a list of outcomes that are derived from the Critical Outcomes. There are five Developmental Outcomes. The DOs give more clarity on the steps towards the achievement of the COs in the learning process.
A Learning Outcome (LO) is derived from a particular CO and is a description of what (knowledge, skills and values) learners should know, demonstrate and be able to do at the end of the General Education and Training (GET) Band. A set of LOs should ensure integration and progression in the development of concepts, skills and values through the ASs. LOs do not prescribe content or method as stated in the overview to the RNCS (2002: 14).
Assessment Standards (ASs) describe the level at which learners should demonstrate their achievement of the particular LO and the ways (depth and breadth) of demonstrating their achievement. An AS is grade specific and shows how conceptual progression will occur. It embodies the knowledge, skills and values required to achieve a particular LO. An AS does not prescribe a specific method. According to Chisholm (2000: 90), learning outcomes and assessment standards should be seen as covering the minimum of the core concepts, content and values that should be covered in each grade in each learning programme.

	The Critical Outcomes and Developmental Outcomes
(The Overview, National Curriculum Statement Grades 10 – 12 (GENERAL), page 7)
Outcomes-based education (OBE) forms the foundation for the curriculum in South Africa. It strives to enable all learners to reach their maximum learning potential by setting the Learning Outcomes to be achieved by the end of the education process. OBE encourages a learner-centred and activity-based approach to education. The National Curriculum Statement builds its Learning Outcomes for Grades 10 – 12 on the Critical and Developmental Outcomes that were inspired by the Constitution and developed through a democratic process. 
The critical outcomes require learners to be able to:
1	Identify and solve problems and make decisions using critical and creative thinking;
2	Work effectively with others as members of a team, group, organisation and community;
3	Organise and manage themselves and their activities responsibly and effectively;
4	Collect , analyse, organise and critically evaluate information;
5	Communicate effectively using visual, symbolic and/or language skills in various modes;
6	Use science and technology effectively and critically showing responsibility towards the environment and the health of others; and
7	Demonstrate an understanding of the world as a set of related systems by recognising that problem-solving contexts do not exist in isolation.
The developmental outcomes require learners to be able to:
1	Reflect on and explore a variety of strategies to learn more effectively;
2	Participate as responsible citizens in the life of local, national and global communities;
3	Be culturally and aesthetically sensitive across a range of social contexts;
4	Explore education and career opportunities; and
5	Develop entrepreneurial opportunities.


The outcomes given and referred to above may seem vague, but you will notice that they become more specific as you go down the levels. By expressing outcomes as actions and performances that embody and reflect learner competence in using ideas, information, content and skills, the curriculum emphasises that learners are able to do important things with what they know and are able to link it with real life experiences. This implies that you cannot assess learners unless they do something to reveal their understanding (or lack of it).
Thinking about outcomes can provide a teacher with a clear focus and structure for his or her lessons. Teachers should communicate those desired outcomes to learners - if they know what the teacher wants them to achieve, they will have a better chance of achieving it.
According to the RNCS for Mathematics for grades R-9, (DOE 2002:93)
Assessment is a continuous, planned process of gathering information about the performance of learners measured against the Assessment Standards (ASs) of the Learning Outcomes (LOs). It requires clearly defined criteria and a variety of appropriate strategies to enable teachers to give constructive feedback to learners and to report to parents and other interested people. 
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Activity 6.3
	The paragraph above from the RNCS gives concise but detailed guidance to the teacher about OBA. Give explanations of the following words or phrases taken from this definition. The explanations should expand on the meaning of the word/phrase in its context above.
Your explanations can draw on your experience as well as the information you have gathered from the material in this guide. For some of the ideas you may wish to look ahead to the end of this chapter.
1	continuous
2	planned
3	process of gathering information about the performance of learners
4	measured against the Assessment Standards (ASs) of the Learning Outcomes (LOs)
5	requires clearly defined criteria
6	variety of appropriate strategies
7	enable teachers to give constructive feedback to learners
8	enable teachers to report to parents and other interested people.
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The broad view of assessment that underpins the NCS is seldom part of the assessment process in mathematics. Instead, assessment is often dominated by
· a focus on content (in the form of facts)
· a focus on skills (associated with computational techniques)
· the ability of learners to reproduce these on demand.
This narrow focus has had a sterile effect upon innovation and development in mathematics curricula and even on what thinking mathematically means. Learning programmes that provide for limited developmental work, that place an emphasis on symbol manipulation and computational rules, and that rely heavily on paper-and-pencil worksheets do not fit in with the natural learning patterns of learners and do not contribute to some important aspects of learners' mathematical development.
Take the following worksheet on basic operations as an example.
	Worksheet
1	Simplify the following:
· x + x
· x + y
· x + y + x
· x + 2x
· x  y  y
· x + x  y
· 2(x + 2)
· 3(x + 2)
· 3+ (x+ 2)
· (3 + x) + 2


This worksheet simply has twenty repetitive questions. There is no discussion on different methods that could be used, and no indication that working is worth recording. The ultimate purpose of doing this worksheet is to ‘give answers’. This does not convey the message to the learners that their reasoning process is important to the teacher, only that their answers are important. This goes against the ethos of teaching for meaningful understanding. Using a worksheet such as this one would undermine good teaching because it gives a message that contradicts what we have said about good teaching.
· It does not allow for the development of reasoning skills (there is not even one little question which could call on reasoning skills).
· It does not allow learners to show what they have understood (or more importantly NOT understood). If learners get the wrong answer, that is that. There can be no investigation as to where they went wrong, because only answers are being considered.
· Problem solving is not present here. 
· The activities that you set should allow learners to develop the knowledge and skills set out in the Assessment Standards for their grade. The main lesson about good mathematics teaching is that it should develop reasoning, understanding, and problem solving.
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Activity 6.4
	Comment on the task below, by answering the questions that follow after it.
Pizza Problem
1	Complete the next two rows in the following pattern, which is known as Pascal’s triangle.
					1
                                                      1                       1
	                             1	             2	              1
	                 1	               3	              3	              1
                  1	                4		6	              4                      1		
2	Pizza Palace has asked you to design a form to help them to keep track of certain pizza choices. The basic pizza, which everyone has, is cheese and tomato. Patrons can select extra toppings which they like. The toppings they can choose are: Peppers, Olives, Sausage, Salami, and/or Mushroom. They can choose as many of the extras as they like.
· List all of the possible choices they have, given the above selection.
· Find a way to convince somebody else (without doubt) that you have accounted for ALL possible choices.
How many different choices for pizza at the Pizza Palace does a customer have?
i	In what way does ‘the pizza problem’ allow learners to develop their reasoning skills?
· Write out an example of a question (or a part of a question) from the task that allows for the development of reasoning skills.
What evidence of reasoning skills (or lack thereof) will the teacher be able to find in the learners’ work that they submit having completed this task?
ii	In what way does it allow learners to develop their understanding?
· Write out an example of a question (or a part of a question) that allows for the development of understanding.
· What evidence of understanding (or lack of understanding) will the teacher be able to find in the learners’ work that they submit having completed this task?

	
	iii	In what way does it allow learners to develop their problem-solving skills?
· Write out an example of a question (or a part of a question) that allows for the development of problem solving-skills.
· What evidence of problem-solving skills (or lack thereof) will the teacher be able to find in the learners’ work that they submit having completed this task?



Although the quantitative (such as content and computational skills) aspects of mathematics learning have dominated the school scene for a long time, it is the qualitative considerations that have greater significance. Thus, it is far more important that learners come to understand mathematical ideas than that they possess a wide array of mathematical skills. Mathematical learning is not only dependent on learners’ attitudes towards and decisions about learning mathematics but also depends on the intellectual, social and affective dimensions of learning, and these must all influence curriculum and instruction. 
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Bloom developed a taxonomy (a classification) in 1956 for the cognitive domain that shows a progression of intellectual skills from the simplest to the most complex levels. 

Taxonomy means 'a set of classification principles', or 'structure', and Domain simply means 'category'. 
Bloom's Taxonomy underpins the classical 'Knowledge, Attitude, Skills' structure of learning method and evaluation, remains the most widely used system of its kind in education particularly, and also industry and corporate training. It's easy to see why, because it is such a simple, clear and effective model, both for explanation and application of learning objectives, teaching and training methods, and measurement of learning outcomes.
Bloom's Taxonomy provides an excellent structure for planning, designing, assessing and evaluating training and learning effectiveness. The model also serves as a sort of checklist, by which you can ensure that training is planned to deliver all the necessary development for students, trainees or learners, and a template by which you can assess the validity and coverage of any existing training, be it a course, a curriculum, or an entire training and development programme for a large organisation

Bloom's Taxonomy model is in three parts, or 'overlapping domains'. Again, Bloom used rather academic language, but the meanings are simple to understand:
Cognitive domain (intellectual capability, i.e., knowledge, or 'think') 
Affective domain (feelings, emotions and behaviour, i.e., attitude, or 'feel') 
Psychomotor domain (manual and physical skills, i.e., skills, or 'do') 
This has given rise to the obvious short-hand variations on the theme which summarise the three domains; for example, Skills-Knowledge-Attitude, KAS, Do-Think-Feel, etc. 

This table gives a simple explanation of Bloom’s taxonomy
	Cognitive
	Affective
	Psychomotor

	Knowledge
	Attitude
	Skills

	1	Recall data
	1	Receive (awareness)
	1	Imitation (copy)

	2	Understand
	2	Respond (react)
	2	Manipulation (follow instructions)

	3	Apply (use)
	3	Value (understand and act)
	3	Develop Precision

	4	Analyse (structure/elements)
	4	Organise personal value system
	4	Articulation (combine, integrate related skills)

	5	Synthesize (create/build)
	5	Internalize value system (adopt behaviour) 
	5	Naturalization (automate, become expert)

	6	Evaluate (assess, judge in relational terms)
	 
	





Creating
Generating new ideas, products, or ways of viewing things
Designing, constructing, planning, producing, inventing.

Evaluating
Justifying a decision or course of action
Checking, hypothesising, critiquing, experimenting, judging

Analysing
Breaking information into parts to explore understandings and relationships
Comparing, organising, deconstructing, interrogating, finding

Applying
Using information in another familiar situation
Implementing, carrying out, using, executing

Understanding
Explaining ideas or concepts
Interpreting, summarising, paraphrasing, classifying, explaining

Remembering
Recalling information
Recognising, listing, describing, retrieving, naming, finding

The cognitive domain deals with knowledge acquisition and the development of intellectual abilities. 

	Level
	Description
	Action verbs

	Lower order thinking skills
	Knowledge
	Recognition 
	Name, select state, define, list, tell

	
	Comprehension
	Requires an understanding of the facts
	Compare, discuss illustrate, tabulate, justify

	
	Application
	Where the learner can use theory in a new situation
	Solve, predict, differentiate, determine

	Higher order thinking skills
	Analysis
	The breakdown of content into parts, and discovering the relationship between parts
	Analyse, identify, contrast, differentiate

	
	Synthesis 
	Recombination of parts into a whole
	Organise, design, synthesise

	
	Evaluation
	Judgements about the theory
	Evaluate, assess, criticise, defend



Below are some examples of the types of questions that can be asked on the different levels.

Level 1 	Knowledge
“List the steps of problem solving according to van Polya”
“Write down the theorem of Pythagoras in your own words”
“Identify the common fractions from the following examples …..”
Level 2	Comprehension
“Compare the following numbers by representing them on the number line …”
Between which two integers does 5 lie?
“Distinguish, between an exponential function and a logarithmic function.
“Illustrate that  only when x < 0
“Discover the rule that connect the input values with the output values in the table below:
	Input
	1
	2
	3
	4
	5
	x

	Output
	1
	3
	6
	10
	?
	?



Level 3	Application
“Compare the following algebraic expressions, by making a flow diagram of each expression:





 (
Multiply by two
Add three
1
2
3
???
)“Use the information in the flow diagram below to make a generalised statement about the relation of the input and the output in the table below:





“Compare the speeds of the vehicles if the following information is given:”
	Time (in hour)
	1
	2
	3
	4

	Distance (in km) vehicle 1
	80
	160
	240
	320

	Distance (in km) vehicle 2
	90
	180
	270
	360


Which vehicle travels the fastest? 

We usually classify levels 1 – 6 as “higher order thinking skills”. Knowledge, comprehension and application are considered to be “lower order thinking skills”. 
That means that we see:
· Knowledge  to simply give back what has been taught
· Comprehension  to show an understanding of what has been taught
· Application  to apply what has been taught
as lower order thinking skills

Level 4	Analysis
“Analyse the following misconceptions that learners displayed in a task: Explain why this could have happened”

	

	
“Compare the mean median and mode of a data set, and decide which measure of central tendency represents the data in the best way. 



Level 5	Synthesis
 (
Hint:
1 
 1 squares 
 16
2 
 2 
squares 
 ?
3 
 3 
squares 
 ?
4 
 4 
squares 
 ?
)“Develop you own strategy to find the total number of squares in the diagram below:





When you plan a lesson, you integrate your knowledge of content, teaching strategies, learning styles, assessment strategies, barriers to learning and other factors. We can thus place the planning of a lesson on level 5.
Level 6	Evaluation
Evaluation requires the highest order of thinking skills.
Evaluation in this sense does not necessarily means that you are able to evaluate your learners’ tasks. Although it is important to do this in a learning environment, it is more important for you as students to be able to evaluate in an academic environment. Through your studies, you should have built up a body of your own knowledge which you should be able to judge on matters such as learning theories, teaching strategies, and be critical about these. For example, do you simply accept the steps of problem solving as posed by Polya, or do you think that you can add or change anything to what he recommended? To critique something means to have a serious judgement on the issue. That involves a deeper thought process. 
	[image: ]
Activity 6.5
	A part of your study material, you will receive a CD, on which you will find exemplars of examination papers For this activity, you must use the Grade11 exemplar (file name: Grade 11 exemplar 2007 paper 1 (a pdf file)
1	Examine every question, and classify them according to Bloom’s taxonomy. 	You must give reasons for your decisions.
2	Draw up a table in which show your classification. 
3	Reflect on the exam paper. Decide if the question paper covered enough higher order thinking.



As a teacher, you need to be able to decide what aspects are being addressed in the different activities, exercises and assessment tasks that you set. When you plan your teaching programme, you need to ensure that you provide a good mix of activities for your learners. You will need to examine the text book that you use in your mathematics classes (especially if you make regular use of a text book) to satisfy yourself that it provides a balanced set of activities that address all of the things you need to teach and assess your learners on.
[bookmark: _Toc157954825][bookmark: _Toc160859678][bookmark: _Toc202486511][bookmark: _Toc224221830][bookmark: _Toc225835828]How to assess?
In this section we deal with the question of how to assess. Assessment is the process of collecting and interpreting evidence in order to make a judgment on a learner's achievement and competencies. Evidence can be collected at different times and places, by using various methods, tools and techniques. 
Teachers select the methods, tools and techniques used on the basis of
· the purpose of assessment
· the specific learning area
· what the teacher wants to assess: knowledge, skills, values and attitudes.
Assessment should make a meaningful contribution to learning and teaching. When we assess learners, we should convey to our learners that what matters most is not so much passing (success) or failing, but what can we learn from the past to improve future learning. Constructive assessment therefore requires a commitment to quality information and quality communication. Assessment must incorporate a sufficient range of methods, tools and techniques to meet the teacher's obligations. In particular, such assessment must attend to language, tools, level of sophistication, task type, context and communication mode. No single task or practice can adequately cover all these dimensions.
Let us now turn our attention to educational assessment. In educational assessment our objective is not simply to measure what learners have achieved, but to help them learn and achieve more. Educational assessment is part of the process of learning, not a separate process. If you restrict your view of assessment to tests, quizzes, projects, etc., you are missing the point that assessment can help learners to grow and that it can inform instruction.
Let us now systematically analyse the question: “What is assessment?” 
The definition of assessment as stated in the Assessment standards for school mathematics by the National Council of Teachers of Mathematics in the United States (NCTM) (1995:3) is: ‘Assessment is defined as the process of gathering evidence about a student's knowledge of, ability to use, and disposition towards, mathematics and of making inferences from that evidence for a variety of purposes.’
The focus on gathering evidence and making inferences indicates that assessment is a process of uncovering what mathematics learners know and can do.
[bookmark: _Toc157954826][bookmark: _Toc160859679][bookmark: _Toc202486512][bookmark: _Toc224221831][bookmark: _Toc225835829]The phases of assessment 
The assessment process can be explained in terms of four interrelated phases that highlight the principal points at which critical decisions need to be made in the assessment process. 
The following are the four phases:
1	Plan the assessment.
2	Gather the evidence.
3	Interpret the evidence.
4	Use the results.
In practice, the four phases outlined above are interrelated and the distinctions between them are blurred. Assessment does not always proceed in a neat, linear fashion. Each phase can be characterised by the decisions and actions taken within that particular phase.
[bookmark: _Toc102391118][bookmark: _Toc102730100]1	Plan the assessment
The following are important during this phase:
· Assessment must be planned on the basis of the outcomes expected of the learner.
· The teacher must decide on the purpose served by the assessment.
· The teacher must decide on the methods that are going to be used for gathering and interpreting evidence.
· The teacher must decide on the criteria to be used for evaluating performance.
[bookmark: _Toc102391119][bookmark: _Toc102730101]2	Gather the evidence
The teacher must decide on how
· activities and tasks are to be created or selected
· procedures are to be selected to engage learners in the activities
[bookmark: _Toc102391120][bookmark: _Toc102730102]3	Interpret the evidence
The teacher must decide on how
· to determine quality of the evidence
· to infer an understanding of the performance from the evidence
· to apply the criteria appropriately
· to summarise the evaluation in terms of results
[bookmark: _Toc102391121][bookmark: _Toc102730103]4	Use the results
The teacher must decide on how
· to report the results
· to make inferences from the results
· what action to take based on the inferences made.
In this section we are looking at how the assessment will be done in the planning and gathering of evidence. When we begin to talk about assessment tools, we are also starting to answer the question of how to interpret the evidence, which will lead us into the discussion of criteria.
[bookmark: _Toc157954827][bookmark: _Toc160859680][bookmark: _Toc202486513][bookmark: _Toc224221832][bookmark: _Toc225835830]Assessment methods, tools and techniques
There is a wide range of assessment methods, tools and techniques available to teachers. In order to assist you to decide on which methods, tools and techniques are most appropriate and useful in a particular learning situation, you need to understand the various criteria in terms of best practice.
Most curriculum packages and teachers organise their lessons around mathematical content. When the mathematics curriculum is organised into content-specific topics, assessment is similarly structured to document appropriate performances within the range of appropriate performances for the different content categories. This can be restrictive and there is a need for mathematics curricula and assessment to represent a model of varied mathematical activity. 
It must be remembered that most assessment questions in mathematics are content-specific and must therefore be open enough to allow most learners to show what they know and have grasped (e.g. problem solving, reasoning, understanding, etc.).
The choice of what assessment methods, tools and techniques to use is a subjective one, that is, it is
· unique to each teacher, grade and school
· dependent on the teacher's professional judgment
· dependent on the specific learning area.
The assessment methods chosen must take into account
· the learning outcomes (LOs) and the assessment standards (ASs) of the learning area
· the purpose of assessment.
Therefore, the teacher should consider using a variety of methods to allow the learners to demonstrate their abilities. The chosen methods, tools and techniques must provide a range of opportunities for learners to demonstrate their achievement of knowledge, skills, values and attitudes. In selecting and setting appropriate assessment activities, the teacher should ask the following questions:
· What concept, skill or knowledge am I trying to assess?
· What type of knowledge is being assessed - reasoning, memory or process?
· At what level should the learners be performing?
The chosen methods, tools and techniques must provide a range of opportunities for learners to demonstrate their achievement of knowledge, skills, values and attitudes. The following table gives a list of possibilities, but although it looks long, it is not fully inclusive of all of the possible methods, tools and techniques you may use as a teacher of mathematics.

	METHODS
A method is a procedure you will follow to assess the learner. 
(Who does the assessing? How?)
· Self-assessment
· Peer assessment
· Group assessment
· Interviews
· Conferencing
· Observation
· Oral questions and answers
· Textual questions and written answers
· Performance of prior learning (RPL)
TOOLS
A tool is any instrument that you use in your assessment method, for example an observation sheet. 
(What records does the teacher keep?)
· Portfolios
· Observation sheets
· Worksheets
· Journals
· Questionnaires
· Cassettes
· Assessment grids/rubrics
· Exhibitions
· Photographs/videos
· Class lists
· Profiles
· Tests
· Examinations
· Written assignments
TECHNIQUES
A technique (skill) is a special way in which you use a method and tool.
(What evidence does the learner produce?)
· Project work
· Collage
· Research project
· Assignment
· Survey
· Debate/argument
· Role-play
· Interview
· Drama
· Presentation
· Panel discussion
· Practical demonstration
· Scenario
· Constructions
· Music/songs
· Poetry/rhymes
· Story telling/oral presentation
· Model making/plans
· Designs e.g. toys
· Sculptures/paintings
· Drawing/graphs
· Mind mapping
· Game design
· Physical activities
· Maps
· Posters
· Charts
· Tables
· Descriptions
· Written presentations e.g. reports, essays
· Posing questions


[bookmark: _Toc160859681][bookmark: _Toc202486514][bookmark: _Toc224221833][bookmark: _Toc225835831]Methods of assessment
The most important thing to consider when choosing an assessment method is to link the method with what you are intending to assess and why you want to assess it. In this section, we give examples of a number of methods of assessment and ask you to reflect on whether they are ‘fit for purpose’. 
[bookmark: _Toc224221834][bookmark: _Toc225835832]Self assessment
Self assessment form
Name: .................................................................................. Class: ...........................
Teacher: .............................................................................. Date: ............................
Learning area: ...........................................................................................................
Write down the two most important things you have learned in mathematics during the past month. 
…………………………………………………………………………………
What would you like more help with? 
…………………………………………………………………………………………
How would you best describe how you feel in mathematics classes at the moment? (Circle the words that apply to you.)
(a) interested 	           (b) relaxed 	      (c) worried
(d) successful 	           (e) confused              (f) clever
(g) happy 	           (h) bored 	      (i) rushed
What is the biggest problem that you are currently facing in mathematics?
……………………………………………………………………………..
(adapted from Clarke: 1997)
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Activity 6.6
	1	Which of the following purposes are appropriate for self assessment? Circle the ones that you think are important. You should be able to explain your choices.
· Learners are guided to assess their own performance or work.
· Self-assessment encourages learners to assume more responsibility for their own learning and work.
· Self-assessment helps learners to think critically about their own work.
· Self-assessment gives learners a good idea of their progress.
· Teachers find out what learners value in their own work.
· Self assessment promotes the development of independent learners who will be well placed to access learning opportunities throughout their lives.
· Learners come to appreciate and know their own work.
· Self-assessment develops learners' confidence.
· Learners become aware of their strengths and weaknesses.
· When would you use self assessment in your mathematics class?
2	How would you use the results of self assessment from a mathematics lesson?


[bookmark: _Toc224221835][bookmark: _Toc225835833]Peer or group assessment
Here is an example of a peer assessment form.

Peer or group assessment form
Name of peer/ group members: ........................................................................................ 
Date: ......................................
Name of assessor: .................................................
Grade: ......................................
Task: .......................................................................................................................

	Competence (criteria)
	Yes
	No
	Uncertain

	Did the learner work in the team? Did the learner listen to the peer group discussion?
Did the learner work with confidence?
Did the learner in the group show competence in his or her logical thought processes to formulate, test and justify?
Does the learner know and use mathematical language?	
Can the learner read the data accurately?
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Activity 6.7
	1	Who does this form of assessment benefit?
2	In what way does the assessment benefit them?
3	What different types of group assessment have you used in your mathematics classes? Which of these were the most successful and why do you think this was the case?


[bookmark: _Toc224221836][bookmark: _Toc225835834]Observation
Here is an example of an observation sheet.
	Observation sheet for Grade 10 lesson on data handling

	Name of pupil: 
	Date:

	Class:
	Teacher:

	Criteria 
	Not yet 
	Fine
	Comment

	1	Takes time to read and understand the work before beginning to complete the task.
2	Able to read the data from the table and draw up the tally table.
3	Able to find the frequencies using the tally table.
4	Able to draw the bar graph using tabled information.
5	Bar graph completed with the axes correctly marked and labelled.
6	Bar graph given the correct title.
7	Able to summarise the information presented and interpret the findings correctly.
8	Able to justify or explain work when questioned.
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Activity 6.8
	1	Which of the criteria in the observation sheet above relate to content issues?
2	Which of the criteria in the observation sheet above relate to problem-solving skills?
3	What are some of the valuable contributions that observation can make to assessment?
4	How could you adapt the observation sheet above to make it possible to use the sheet for a whole class? Draw up the sheet with the names of the learners in your class.
5	Compare the usefulness of an individual observation sheet with a whole class observation sheet indicating strengths and weaknesses of both types of sheet. 



[bookmark: _Toc224221837][bookmark: _Toc225835835]Performance-based tasks
Performance-based tasks should provide the opportunity for all learners to demonstrate at least some knowledge or skill, though this might be at different levels. Performance-based assessment looks at the learners' abilities to use their knowledge and skills to produce things like:
· presentations
· research projects
· investigations
· demonstrations or exhibitions
· drawings or graphs
· games or designs
· models.
This type of assessment requires learners to demonstrate a skill or proficiency in creating or doing something, often in a setting that involves real life applications. The teacher should not only assess the end product but also the process used by the learners to complete the task. This method of assessment is very useful in diverse classrooms, since it takes into consideration the process as well as the product. The teacher needs to keep careful records of observations made during the completion of the task, so that the assessment is not simply reduced to the assessment of the final product.


	Performance-based task 

	You are going to find out about the different forms of transport learners use to come to school.
Draw up a list of questions that you can use to find out which different forms of transport are used by the learners in your class. (You should include at least four different means of transport on your list.)
1	Ask all of the learners in your class which form of transport they use, and draw up a tally table of their responses.
2	Find the frequencies from your tally table.
3	Represent your data using a bar graph or a pictogram.
4	What does your graph tell you about the forms of transport used by the learners in your class?
5	Could you use this information to decide about the forms of transport used by the learners in your school? Explain your answer.
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Activity 6.9
	Use the following check list to evaluate the design of the performance-based task above. In each case explain your answer and suggest improvements where necessary.
1	Does the task require an integration of knowledge, skills and values?
2	Does it require a variety of outcomes?
3	Is the task based on a real life context?
4	Is the task practical enough to be done? (do-able)
5	Are multiple solutions possible?
6	Is the nature of the task clear?
7	Is the task challenging and stimulating to the learners?
8	Are criteria for scoring included?
(DOE: Curriculum 2005 Assessment Guidelines)


[bookmark: _Toc102391170][bookmark: _Toc102730152][bookmark: _Toc160859682][bookmark: _Toc202486515][bookmark: _Toc224221838][bookmark: _Toc225835836]Tools for assessment
A tool is any instrument that you use in your assessment, such as
· a portfolio
· an observation sheet
· a journal
· a questionnaire
· a test.
In this section we will only discuss portfolios, though you may wish to research some of the other tools mentioned in the list above.
[bookmark: _Toc102391171][bookmark: _Toc102730153][bookmark: _Toc224221839][bookmark: _Toc225835837]Portfolios
A portfolio can be described as a collection of samples of a learner's work that shows how the learner has developed over time through the learning process. In mathematics, portfolios offer learners the opportunity to demonstrate the evolution of their mathematical knowledge and performance over particular period of time. During this process of collecting items, learners make decisions about what items to put in their portfolios, and it is this decision-making process that builds learner involvement.

Portfolio collections may include input by
· learners
· teachers
· parent/s
· peers
· the school
· possibly, the departmental official.
Portfolios should reflect the learner's actual day-to-day learning activities. They should be a measure of where the learners were and what they have accomplished. Portfolios should be ongoing to show-case the learner's efforts, progress and achievements over time. The selected works may be in a variety of media and multidimensional.
In their document on assessment standards, the National Council of Teachers of Mathematics suggests that mathematics portfolios be organised in exhibits that have focused purposes and clear criteria for judgment.
Here is an example (Clarke:1997):

	Exhibit
	Purpose and criteria 

	Conceptual understanding

	Use conceptual understanding to solve problems and represent the concept in multiple ways (through numbers, graphs, symbols, diagrams or words).

	Problem solving
	Using mathematical concepts and skills to solve non-routine problems that do not lay out specific and detailed steps to follow.

	Putting mathematics to work
	Type of investigations:
data study
design a physical structure
pure mathematics investigation

	Skills and communication
	Lists of skills and communications are presented on the entry slips.



Assembling a portfolio
Learners must be guided on how to review all the work done so far and then select a few examples of the best work for inclusion in the portfolio. Before including a particular document (example), the learner should ask the following questions:
What is this piece about?
What makes this piece representative of my best work?
What mathematics did I learn or apply in this piece?

Stages in the creation and design of a portfolio
 (
SELECTION
REFLECTION
COLLECTION
ASSESSMENT
Samples to be selected must conform 
with
 the criteria set at the outset
.
The teacher should encourage and support the learner to reflect on what the portfolio shows about his or her learning.
The portfolio must be formally assessed according to pre-determined criteria.
The teacher and learner must reach prior agreement on
what samples and exhibits are to be included
how many of the above may be included
compiling procedures
)
















The benefits and value of using portfolios for assessment
The portfolio offers
· a broader, more in-depth look at what learners know and can do
· the opportunity to assess more ‘authentic’ work
· a supplement or alternative to report cards and formal tests
· a better way to communicate learner progress to parents.
How do you assess a portfolio?
The following questions can be used to guide you in assessing a portfolio:
· Does the portfolio show the learner's growth and development over time?
· Does the portfolio show evidence of the process of planning and creating, as well as the final product?
· Does the portfolio show evidence of thoughtful reflection by the learner on his or her learning and achievement?
· Does the portfolio show collected work of an acceptable quality?
· Is the portfolio varied to show achievement through differing pieces of work?
· Does the portfolio communicate the learner's achievements clearly, effectively and convincingly?


	Sample of a portfolio assessment sheet (Adapted from Kramer: 1999)

	Name:……………………………………………..Class:……………………………………………..
Due Date: …………………………………………
Teacher: …………………………………………. Portfolio outcome: ……………………………

	Assessment criteria
	Very
good
	Good
	Satis-factory
	Poor

	Evidence of mastery of the concepts
	
	
	
	

	Evidence of process:
Shows the thinking, planning and process that lead to the final product
	
	
	
	

	Presentation of the portfolio: Neatness, visual appeal, creative design and layout
	
	
	
	

	Management: Sufficient number of samples, each dated and annotated, presented in sequence
	
	
	
	

	Writing skill: Appropriateness of language, vocabulary, style
	
	
	
	

	Variety and quality of contents: various work samples, 
clear evidence of competence
	
	
	
	

	Self-reflection: Honest personal commentary, highlighting of areas of excellence and issues for improvement
	
	
	
	

	Explanation: Justifies and explains each sample included
	
	
	
	


The assessment sheet above is a simple rubric with criteria in the first column, and then four columns in which to indicate the standard of the work achieved by the learner in relation to each of the criteria.
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Activity 6.10
	1	Take some time to reflect on the purpose of a portfolio in assessment.
2	The rubric above would be even more useful to the learners if the criteria were explained in more detail in each of the columns of the table. Copy the rubric onto a sheet of paper and write in the detail so that a learner would know exactly what was expected of him/her in order to achieve at each of the levels.



[bookmark: _Toc224221840][bookmark: _Toc225835838]Rubrics
The rubric given for the portfolio assessment above is an appropriate assessment tool, since it lays out clear criteria on which learners’ portfolios will be assessed. The fully expanded rubric (which you had to complete for the activity) would be even more successful, since this would make it completely clear to a learner why he/she achieved the given ratings.
Assessment tasks cannot be effectively evaluated simply by adding up all the correct answers, or awarding a quantitative mark (say 60%). Such a mark gives no information to the learner on what, in particular, was good or bad about his or her work. We need to find ways to manage this information and make it useful. One very useful tool with which to do so is a rubric. Rubrics are rating scales that are used in the assessment of performance. They are formally defined as scoring guides, consisting of pre-established performance criteria, and are used in evaluating or assessing a learner's performance. The expansions of the criteria at the different levels are called level descriptors.
On the next page is an example of a learner friendly mathematics rubric. 
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Activity 6.11
	1	For this question, refer to the six point analytic rubric on the next page.
· Which column/row in the rubric sets out the criteria which are being assessed?
· Which column/row in the rubric sets out the levels of the criteria which are being assessed?
2	Set a task and allow your learners to work through the task. Write up the statement of the task in full.
· Design a rubric, using all or some of the criteria and level descriptors that you will use to assess the learners’ work.
· Assess your learners’ work using the rubric. 
· Comment on the success/failure of the assessment, and on the learners’ responses to their work being evaluated in this way.
3	Draw up a project assessment task on any topic from geometry for a grade of your choice. 
· Indicate the grade on the task. Write out the task in full.
· Draw up a rubric that you will use to assess your learners’ projects.
4	Discuss the value of using a rubric as opposed to a memorandum for a task such as a project, compared to a task such as an activity worksheet.





	
Six-point analytic rubric for assessing mathematics problem solving

	
	Understanding
	Support for Thinking
	Communication

	Outstanding
6
(Exceptional – goes beyond what was asked)
	Finds all important parts of the problem
Has full understanding of mathematics needed
Uses unusual, creative thinking
	Finds more than one way to solve the problem
Uses many ways to show thinking like diagrams, charts, graphs, etc
Learner experiments, designs, analyses
Does more than what the problem asks
	Writes a clear, convincing, thoughtful answer
Writes to an audience
Diagrams are very clear

	Meritorious
5
(Very good, clear, strong)
	Finds most of the important parts of the problem
Has good understanding of mathematics needed
	Finds one or more ways to solve problem
Uses several ways to show thinking like diagrams, charts, graphs, etc.
May experiment, design, analyse
May compare the  problem to another, predict
	Writes clearly
Makes sense
Writes to an audience
Diagrams clear

	Satisfactory
4
(Pretty good, gets the job done)
	Finds most of the important parts of the problem – some less important are missing
Understands most of the mathematics needed
	Uses one way to solve problem
Some ways to show thinking may be missing
May experiment, design or analyse
	Addresses all parts of the problem
Writes to an audience
Writing may be unclear

	Adequate
3
(OK, good try, unclear)
	Finds a few of the important parts of the problem
Understands some of the mathematics needed
Thinking gets mixed up
Might miss the big idea
	May or may not solve the problem
Mathematical thinking is unclear or limited
Chooses wrong ways to solve problem
	Has trouble writing ideas
May or may not write to an audience
Diagrams or charts not clear

	Partial
2
(Incomplete, confusing)
	Has little understanding of the problem
Finds less important parts of the problem
Understands bits and pieces of the mathematics needed
	Doesn’t explain thinking
Uses ways to solve problem which don’t fit the problem
	Writes in a confusing way
May or may not write to an audience

	Inadequate
1
(May make an effort, no understanding)
	Doesn’t understand the problem
	Answer is difficult to understand
Makes little or no attempt to explain results
	Writes in a way that is very hard to understand


Checklists and rubrics
The example of a learner friendly mathematics rubric above is very general, and you may use it to help you draw up rubrics for activities and tasks that you set for your learners. We now include a checklist and a rubric, relating to two mathematics activities, given below. These should help you to see the differences between rubrics and checklists, and to decide when to use these in your teaching. 
In the next activity, you will be given an activity that your learners must do (suitable for grade 11)
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Activity 6.12

	For this activity, learners must collect data from each learner in the class.
The data must contain the time that each learner takes to travel to school. 
The data that each learner collects is called the rough data. You must guide them to order the data, in order to do the following:
1	Draw up a frequency table to indicate the time of each learner
2	Determine the range of the data
3	Find the range
4	Calculate the median
5	Find the upper quartile
6	Find the lower quartile
7	Draw a box and whiskers plot from the information above
The next question is very important:
Each learner must interpret the box and whiskers plot. This will give you an indication if the learner understands the value of a box and whiskers display.
You must hand in at least five attempts of your learners. Mark each attempt according to the six point rubric given above. Adopt the rubric to suite the problem at hand.



The mathematics in the task
In order to successfully complete the activity, a learner would need to 
· Collect data 
· Order the data in a frequency table
· Calculate the range
· Calculate the median
· Calculate the upper and lower quartile
· Draw a box and whiskers plot
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Activity 6.13

	Draw up a checklist for the above activity 
Design you own criteria
Hand the checklist in together with the attempts of the learners 

	Learner Name

	Criteria
	Yes
	No
	Partial

	Able to...

	
	
	

	

	
	
	

	

	
	
	

	

	
	
	






A rubric, on the other hand displays levels of understanding and achievement, as well as skills.


Group work nature of this task
According to the instructions given for this task, the learners had to work in groups, and complete it as a group work activity. Provision for this will also have to be made in the rubric, as you will see below.

As you will have noticed from the above example, it takes much more effort to draw up a rubric, which has to have descriptors in every cell of the table, than it takes to draw up a checklist.

Checklists are useful when you want to assess whether a number of concepts have been understood (or not), whether tasks have been completed or not. They are also useful if you want an individual record of each learner’s achievement on a task that you can use for further planning on the topic which has been taught in the lesson in which this task was completed. They provide you with a record that you can use for your planning, and individual tracking of a learner’s understanding of concepts covered.
Rubrics are useful when you want to give very clear instructions at the outset of a task. If the learners are given a rubric, according to which they will be assessed, they will know what kind of performance is expected of them before they start on a task. This means that you need to draw up a rubric before you set the task for the class. It also means that you can give clear and detailed feedback to the learners when you indicate to them where their achievement has been recorded according to the cells in the rubric. This example provides us with a link to our next set of questions: how do we interpret and report assessment?

[bookmark: _Toc224221841][bookmark: _Toc225835839][bookmark: _Toc202486516]How to interpret the results of assessment 
Rubrics are one of the forms of interpretation for an assessment task. Rubrics are time consuming to draw up, but facilitate the reporting process on an assessment task since they present a good overview of the learners’ achievement on the completed task. All assessment, ultimately, needs to be interpreted and reported on. The reports will not only go to the learner who completed the assessment but potentially to other interested parties, and thus the interpretations on which these reports are based are important and need to be carefully considered so that the reporting can be fair and representative of the work done. 
[bookmark: _Toc224221842][bookmark: _Toc225835840][bookmark: _Toc102391132][bookmark: _Toc102730114][bookmark: _Toc160859684][bookmark: _Toc202486517]Three points of reference 
The following are the three points of reference that can be used in educational assessment. 
[bookmark: _Toc224221843][bookmark: _Toc225835841]Self-referencing
Self-referencing could be used by the teacher to help learners plot their own development without this being downgraded (or over-rated) in comparison to the achievements of other learners. In the case of self-referencing, the learner
· is the reference point for his or her own achievement
· compares his or her achievement to what he or she has done before
· sets targets for the tasks he or she has to do, depending upon his or her previous achievements.
Example: The parent or teacher may criticise the learner for getting poor marks for a test. However, the learner may draw their attention to the fact that he or she has improved on his or her previous test. In this case, the learner is self-referencing.
[bookmark: _Toc224221844][bookmark: _Toc225835842]Criterion-referencing
Criteria are used as reference points in OBE. The criteria are the learning outcomes (LOs) and the assessment standards (ASs). These criteria are used to
· ascertain the learner's progress in terms of learning outcomes and assessment standards, which are independent of other learners' achievements 
· give every learner a fair and equal opportunity to achieve or master the outcomes
· bring learners into the assessment process because the learners might take part in the process of drawing up the criteria, or will at least be aware of the criteria before attempting to do the task, so they will know what to spend time on when completing the task
· the assessment criteria are explicit, and so the learners will understand how their work is being assessed
· the explicit nature of the criteria will also enable the teacher to justify the assessment more easily and clearly to the learners and other interested parties
· move away from an assessment system which is primarily designed to create a comparison between all learners’ achievements to one designed to credit achievement at different levels.
Example: When learners are given a task to do, they are also given the criteria on the basis of which the task will be assessed. From the beginning, they are aware of what criteria they have to meet and how they will be assessed.
[bookmark: _Toc224221845][bookmark: _Toc225835843]Norm-referencing
Norm-referencing is useful as a tool for things such as university entrance rating. The norm-referenced results can be used to decide whether or not a learner has achieved sufficiently well (against the given norm) to be allowed into the different faculties of the University. In terms of norm-referencing
· learners' progress is described in relation to standards set for a group (such as a class average)
· learners’ progress is also defined in terms of other individuals in the class and then inferences are made about how much a learner has learnt in comparison with others
· learner achievement is assessed in a competitive way
· results are often given as a mark or a symbol which give a picture of the learners’ overall achievement, for example by means of NSC examinations all grade 12 learners are rated in comparison to a national standard and in relation to individual achievement against this standard.
· standardised tests are often used to measure learner achievement.
Pegg (2002: 235) writes that traditional assessment can mostly be referred to as ‘norm-referenced’, while outcomes-based education is more ‘criterion-referenced’. While the main focus of these two approaches is different, they are not incompatible or in direct conflict. In fact, when determining appropriate criteria to evaluate levels of achievement in OBE, criteria are being defined within a norm-referenced context.
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Activity 6.14
	Read the following statements made by teachers and then identify which statements illustrate norm-referencing, which illustrate criterion-referencing and which illustrate self-referencing, giving reasons for your response in each case.
	Teacher A
Sipho has done well this term. He can interpret vertical and horizontal displacement of graphs.



	Teacher B
I am worried about Mary. She doesn't seem to be able to work as fast as the other learners in my mathematics class. I think she is unable to solve quadratic equations.



	Teacher C
My class seems to be doing okay. They're about as far into interpreting of functions as last year's class was at this time of year.



	Teacher D
Ernest is a born mathematician. His perception of differential calculus is outstanding. He understands the applications.





[bookmark: _Toc160859685][bookmark: _Toc202486518]
[bookmark: _Toc224221846][bookmark: _Toc225835844]How to report
The ultimate success of a continuous assessment model rests on sound and meticulous methods of recording learner achievement over an ongoing period of time. Cumulative evidence of learner achievement must be recorded and these records should accompany all learners throughout their learning careers. Cumulative records should include information on the holistic development of the learner, such as his or her social development and the development of his or her values and attitudes.
Each school should develop an assessment programme based on national and provincial guidelines. To ensure a professional approach to assessment, the school assessment programme should clearly outline:
· the way continuous assessment is to be planned and implemented
· how record books are to be kept, their accessibility and security
· internal verification of assessment
· how moderation takes place in the school
· the frequency and method of reporting; and
· the monitoring of all assessment processes.
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Activity 6.15
	Study the two different report cards given below. 
1	Discuss the differences and similarities between them.
2	Which report card would you prefer to use? Explain your answer.
3	Which report card do you think the learners would prefer to receive? Explain your answer.
4	Design a report card for the second term for the work you have covered in your mathematics class. (It need not look anything like the two examples below).
	i	Write it up and show it to a colleague.
	ii	Make changes to the report card according to your discussion with your colleague.
	iii	Show the report card to your learners. Write down their responses to its layout and information which it offers.
	iv	Show the report card to some parents of your learners. Write down their responses to its layout and information which it offers.
	v	Draw up a final version of the report card that you think would satisfy all of the stakeholders in the assessment process. Comment on how different it is from the first version you drew up.



	[bookmark: _Toc205030945][bookmark: _Toc205031117][bookmark: _Toc205093956]Report Card A for Mathematics
	Out-standing
	Achieved
	[bookmark: _Toc205030946][bookmark: _Toc205031118][bookmark: _Toc205093957]Partially achieved
	[bookmark: _Toc205030947][bookmark: _Toc205031119][bookmark: _Toc205093958]Not achieved

	Project: Conducting a survey
	
	
	
	

	Factorisation
	
	
	
	

	Graph work
	
	
	
	

	Class Test
	
	
	
	

	TEACHER
	

	Strengths/support needed
	






	
Report Card B for Mathematics
	Term Mark
	Comment

	[bookmark: _Toc205030948][bookmark: _Toc205031120][bookmark: _Toc205093959]Data Handling
	
	

	[bookmark: _Toc205030949][bookmark: _Toc205031121][bookmark: _Toc205093960]Algebra
	
	

	Functions
	
	

	[bookmark: _Toc205030951][bookmark: _Toc205031123][bookmark: _Toc205093962]Overall Average
	
	

	[bookmark: _Toc205030952][bookmark: _Toc205031124][bookmark: _Toc205093963]TEACHER:
	


The control and ownership of assessment was traditionally in the hands of teachers, but since the implementation of outcomes-based education (OBE), the teacher and learner have shared responsibility to assess learning and knowledge.
Although in the first place it is the teacher's responsibility to assess and report on the progress of the learner, this does not imply that it is his or her sole responsibility. There are other stakeholders in the assessment process. These include the learner, other schools, district level managers and support services within the department, parents of the learner and the public at large. The teacher is accountable to all of these stakeholders and must ensure they he/she has effective means for reporting on and communicating to these stakeholders.

[bookmark: _Toc224221847][bookmark: _Toc225835845][image: ]	Self assessment
Tick the boxes to assess whether you have achieved the outcomes for this unit. If you cannot tick the boxes, you should go back and work through the relevant part in the unit again.
I am able to:
	#
	Checklist
	

	1
	Explain the term “assessment”.
	

	2
	Identify the four purposes of assessment and am able to implement these in my classroom instructional activities.
	

	3
	Explain the principles of outcomes-based assessment (OBA).
	

	4
	Describe the role and purpose of assessment in mathematics.
	

	5
	Identify and explain the aspects of mathematics learning I ought to consider when assessing learners.
	

	6
	Reflect on the assessment potential of mathematical tasks used in the teaching of basic data handling concepts.
	

	7
	Select appropriate methods, techniques and tools for assessing a learner's performance in mathematics.
	

	8
	Draw up or design my own assessment tasks and rubrics to be used when assessing a learner's work.
	

	9
	Compare various methods of recording a learner's performance.
	



[bookmark: _Toc224221848][bookmark: _Toc160859687][bookmark: _Toc202486519][bookmark: _Toc225835846][image: ]	References 
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[bookmark: _Toc225835848]Handling pupils misconceptions
(1989) Handling pupils’ misconceptions. Pythagoras. 21, 10 – 19Available from 
http://academic.sun.ac.za/mathed/MALATI/Files/Misconceptions.pdf

Alwyn Olivier, Department of Didactics, University of Stellenbosch, Stellenbosch 7600
Presidential address delivered at the Thirteenth National Convention on Mathematics, Physical Science and Biology Education, Pretoria, 3 - 7 July 1989.
This paper will briefly delineate a theory for learning mathematics as a basis to reflect on (some particular) misconceptions of pupils in mathematics. Such a theory should enable us
· to predict what errors pupils will typically make 
· to explain how and why children make (these) errors 
· to help pupils to resolve such misconceptions. 
1. THE ROLE OF THEORY
Teachers are often wary of theory - they want something practical. Yet, as Dewey has said, "in the end, there is nothing as practical as a good theory." How come? Theory is like a lens through which one views the facts; it influences what one sees and what one does not see. "Facts" can only be interpreted in terms of some theory. Without an appropriate theory, one cannot even state what the "facts" are. Let me illustrate with a story, taken from Davis (1984).
It is said that in Italy in the 1640's, the water table had receded so far that a very deep well had to be sunk in order to reach water. This was done. Then pumps were fitted to the pipes, and...disaster!...no water poured out of the spigot. It was clear that something was wrong, but what? Their understanding of the situation, i.e. their theory of pumping water, was that it was the pumps that pulled (sucked) the water to the surface. So the fault had to be with the pumps. New pumps were installed...better pumps were designed, built and installed...still no water. Then still better pumps, then even better ones. But the result was always the same: no water emerged from the spigot. They were baffled.
Finally, in 1643, Evangelista Torricelli, who invented the barometer, presented an alternative explanation (theory): It was not, he said, the pumps that pulled the water up. The pumps merely evacuated air from the pipes, creating unequal pressures at the two ends of the column of water, after which it was the atmospheric pressure that pushed the water up the pipes. This explained the difficulty: the air pressure is about 2,5 kg/cm, which is enough to support a column of water 10m high. It follows that if the water in a well is more than 10m deep, it cannot be pumped to the surface using atmospheric pumps. Building better and better atmospheric pumps would not resolve the issue - and that probably led to the invention of hydraulic pumps, which could do the job.
Let us again consider the role of theory. First, one cannot even discuss the matter without using some theory to explain the situation. Second, the objective fact that no water came out of the pumps, like the fact that a car refuses to start, does not lead anywhere. Unless you can say why there is no water, or why the car will not start, you are unable to do anything to change the situation. And in order to say why, you must interpret the "facts" in terms of an appropriate theory. Third, notice how the two different theories differed in their interpretation of the "facts" and suggested - prescribed! - different remedies to resolve the issue - one remedy was doomed, while the other offered some hope.
Now, has this story anything to say about the subject under discussion - pupils' misconceptions in mathematics? The fact is that our pupils often make mistakes in mathematics - don`t we know it! But unless we can say why they make these mistakes, we are unable to do something about it. And in order to say why, we must interpret these mistakes in terms of a theory - a learning theory. As teachers, all our interventions in the classroom are guided by some theory - be it conscious or subconscious - of how children learn mathematics. Different teachers hold different learning theories, and address pupils' mistakes in different ways. Could it be that all our frustrated efforts at eliminating errors are due to embracing an inappropriate learning theory - that we are trying to build better and better atmospheric pumps?
An escapist route, which is nevertheless a theory, is to view many pupils as rather dim, that they are not capable of understanding, and should rather not take mathematics. In general, it is not very useful to think of children's errors in terms of low intelligence, low mathematical aptitude, perceptual difficulties or learning disabilities. Of course these factors play a role, but if we are really concerned with helping individual children, such abstract ideas won't help - it is only when we work at the level of specific detail and get to know the specific roots of mistakes, that we are able to help.
The type of theory we adopt will also determine the importance of misconceptions for learning and teaching. Why should we care about pupils' misconceptions? What is the role of pupils' misconceptions in their learning? How will knowing what a pupil has got wrong help us to teach better?
2. LEARNING THEORY
I shall briefly outline two opposing learning theories, which will, by necessity, be both simple (presenting the ideas in oversimplified form) and simplistic (presenting the ideas in its most radical form), but which will illustrate different approaches to handling pupils' misconceptions.
2.1 Behaviourism
The behaviourist or connectionist theory of learning relates to an empiricist philosophy of science, that all knowledge originates in experience. The traditional empiricist motto is "There is nothing in the mind that was not first in the senses." Hence a person can obtain direct and absolute knowledge of any reality, because, through the senses, the image of that reality corresponds exactly with the reality (a replica or photo-copy).
Behaviourism therefore assumes that pupils learn what they are taught, or at least some subset of what they are taught, because it is assumed that knowledge can be transferred intact from one person to another. The pupil is viewed as a passive recipient of knowledge, an "empty vessel" to be filled, a blank sheet (tabula rasa) on which the teacher can write. Behaviourists, therefore, believe that knowledge is taken directly from experience, and that a pupil's current knowledge is unnecessary to learning.
This theory sees learning as conditioning, whereby specific responses are linked with specific stimuli. According to Thorndike's (1922) law of exercise, the more times a stimulus-induced response is elicited, the longer the learning (response) will be retained. The law of effect states that appropriate stimulus-response bonds are strengthened by success and reward (positive reinforcement) and inappropriate S-R bonds are weakened by failure (negative reinforcement). Consequently the organisation of learning must proceed from the simple to the complex, short sequences of small items of knowledge and exercise of these in turn through drill and practice. One learns by stockpiling, by accumulation of ideas (Bouvier, 1987).
From a behaviourist perspective, errors and misconceptions are not important, because it does not consider pupils' current concepts as relevant to learning. Errors and misconceptions are seen rather like a faulty byte in a computer's memory - if we don't like what is there, it can simply be erased or written over, by telling the pupil the correct view of the matter (Strike, 1983). This perspective is succinctly put by Gagne (1983: 15):
"The effects of incorrect rules of computation, as exhibited in faulty performance, can most readily be overcome by deliberate teaching of correct rules...This means that teachers would best ignore the incorrect performances and set about as directly as possible teaching the rules for correct ones."
2.2 Constructivism
A constructivist perspective on learning (e.g. Piaget, 1970; Skemp, 1979) assumes that concepts are not taken directly from experience, but that a person's ability to learn from and what he learns from an experience depends on the quality of the ideas that he is able to bring to that experience. This is again the same idea as our introduction about the role of theory: observation is driven by theory, so the quality of the observation is determined by the quality of the pre-existing theory. Knowledge does not simply arise from experience. Rather, it arises from the interaction between experience and our current knowledge structures.
The student is therefore not seen as passively receiving knowledge from the environment; it is not possible that knowledge can be transferred ready-made and intact from one person to another. Therefore, although instruction clearly affects what children learn, it does not determine it, because the child is an active participant in the construction of his own knowledge. This construction activity involves the interaction of a child’s existing ideas and new ideas, i.e. new ideas are interpreted and understood in the light of that child’s own current knowledge, built up out of his previous experience. Children do not only interpret knowledge, but they organise and structure this knowledge into large units of interrelated concepts. We shall call such a unit of interrelated ideas in the child`s mind a schema. Such schemas are valuable intellectual tools, stored in memory, and which can be retrieved and utilised. Learning then basically involves the interaction between a child’s schemas and new ideas. This interaction involves two interrelated processes:
(1) Assimilation: If some new, but recognisably familiar, idea is encountered, this new idea can be incorporated directly into an existing schema that is very much like the new idea, i.e. the idea is interpreted or re-cognised in terms of an existing (concept in a) schema. In this process the new idea contributes to our schemas by expanding existing concepts, and by forming new distinctions through differentiation.
(2) Accommodation: Sometimes a new idea may be quite different from existing schemas; we may have a schema which is relevant, but not adequate to assimilate the new idea. Then it is necessary to re-construct and re-organise our schema. Such re-construction leaves previous knowledge intact, as part or subset or special case of the new modified schema (i.e. previous knowledge is never erased).
Thus to understand an idea means to incorporate it into an appropriate existing schema. However, sometimes some new idea may be so different from any available schema, that it is impossible to link it to any existing schema, i.e. assimilation or accommodation is impossible. In such a case the learner creates a new "box" and tries to memorise the idea. This is rote learning: because it is not linked to any previous knowledge it is not understood; it is isolated knowledge, therefore it is difficult to remember. Such rote learning is the cause of many mistakes in mathematics as pupils try to recall partially remembered and distorted rules. 
To the constructivist learning is not, as for the behaviourist, a matter of adding, of stockpiling new concepts to existing ones. Rather, learning leads to changes in our schemas.
It is clear that the character of a pupil's existing schemas will determine what he learns from experience or information and how it is understood. At the heart of a constructivist approach to teaching is an awareness of the interaction between a child's current schemas and learning experiences, to look at learning from the perspective of the child, for the teacher to put himself in the child's shoes, by considering the mental processes by which new knowledge is acquired. Because knowledge cannot be transferred ready-made, to support the child to construct his own knowledge, discussion, communication, reflection and negotiation are essential components of a constructivist approach to teaching.
From a constructivist perspective misconceptions are crucially important to learning and teaching, because misconceptions form part of a pupil's conceptual structure that will interact with new concepts, and influence new learning, mostly in a negative way, because misconceptions generate errors.
I distinguish between slips, errors and misconceptions. Slips are wrong answers due to processing; they are not systematic, but are sporadically carelessly made by both experts and novices; they are easily detected and are spontaneously corrected. I shall not consider slips in the rest of the paper. Errors are wrong answers due to planning; they are systematic in that they are applied regularly in the same circumstances. Errors are the symptoms of the underlying conceptual structures that are the cause of errors. It is these underlying beliefs and principles in the cognitive structure that are the cause of systematic conceptual errors that I shall call misconceptions.
If we want to account for pupils' misconceptions, we must look at pupils` current schemas and how they interact with each other, with instruction and with experience.
In order to reflect on some typical misconceptions of children, it will be useful to look a little closer at cognitive functioning. We would think of something like the following over-simplified process in cognitive functioning when a pupil tries to solve a problem (Davis, 1983):
1. Some item(s) of information in the problem is (are) selected to act as a cue to trigger the retrieval of a seemingly appropriate schema in the cognitive structure (memory).
2. Specific information from the problem ("values") are fed into appropriate "variables" in the retrieved schema. (If no values can be supplied, the schema will fill in values itself, from typical values in past experience. We call this a default evaluation.)
3. Some evaluative judgement of the suitability (the "goodness of fit") of steps 1 and 2 are made (and cycling back where necessary).
4. If the judgement is that steps 1 and 2 have been successful, the result (i.e. the combination of cue information from the problem and the content of the schema) is used to continue.
The process can be illustrated using the solution of the following equation:
x2  5x + 2 = 0
Step 1 consists of some visual cues in the equation - e.g. the exponent and the number of terms - that cause us to say (in effect): "Aha! It's a quadratic equation!", with the result that we retrieve from memory the "quadratic equation schema", which has many items of information, but which also (hopefully!) contains the quadratic formula:
If ax2 + bx + c= 0, 
then

Step 2 involves looking at our specific problem x2  5x + 2 = 0 and taking from it certain specific information to enter into the "variables" of our memorised formula in the schema. We see that "1" should be used as a replacement for a, " 5" for b and "2" for c.
Step 3 involves whatever checks we carry out in order to convince ourselves that this is all correct, after which use of the quadratic formula (step 4) easily produces the answer.
A pupil can fail to solve the problem for many reasons, e.g. in step 1:
· he may not possess the schema that is needed 
· he may possess an appropriate schema, but the retrieval mechanism cannot locate it 
· the retrieved schema is flawed or incomplete 
· an inappropriate schema is retrieved. 
It is important to realise that once step 4 has been reached, the solution of the problem is wholly determined by the combined information of the used cues and the content and structure of the retrieved schema, e.g. if in our example above the quadratic formula in the schema (memory) was flawed, our solution would be flawed. We say the solution is mediated by the schema.
Let us now look at some specific misconceptions by analysing in what ways current schemas mediate new learning leading to misconceptions. One should acknowledge, of course, that errors are also a function of other variables in the education process, including the teacher, the curriculum, social factors, affective factors, emotional factors, motivation, attitudes, and possible interactions among these variables. For this paper, however, I shall concentrate only on cognitive variables.
3. SOME MISCONCEPTIONS AND THEIR GENESIS
3.1 Patchwork
What order of difficulty do we expect in the following three additions for young pupils learning column addition?
	(A)
	523
	(B)
	593
	(C)
	586
	(D)
	586

	 
	+25
	 
	+25
	 
	+25
	 
	+325


Traditional analysis would suggest that (A) should be the easiest, since (B) involves an extra "carry", (C) two "carries" and (D) involves an extra addition. Surprisingly, (A) is the most difficult for many children! Why should this be, and how do we account for the following frequent responses to (A)?
	(E)
	523
	(F)
	523
	(G)
	523

	 
	+25
	 
	+25
	 
	+25

	 
	748
	 
	948
	 
	48


Maybe we may diagnose that such pupils don't understand place-value, or don't understand "carrying", or that they don't know their number combinations, and we may remediate the problem by teaching these "missing concepts", or by teaching and reteaching the correct procedure directly.
Yet, clinical research (e.g. Davis, 1984) suggests that the "misconception" is elsewhere, and that these errors are quite plausible, as seen from the perspective of the child, whose response is mediated by his existing schemas based on previous learning. To solve (A), the addition cue triggers the child’s addition schema, which may include an item to add column by column, but may also include that addition is a binary operation - to add one needs two numbers. But in (A) there is an isolated digit, only one number! When the pupil is blocked in his progress, he does some patchwork: he distorts the column-by-column rule in order to satisfy the need for two numbers (E and F), or ignores the left-column (G) so as not to violate his notion of addition as a binary operation. This analysis also explains why many pupils are more successful in (B) than in (A). From this analysis it can also be expected that the same phenomenon will show itself in subtraction, and, indeed, it does (e.g. 276 - 14 = 162).
It is clear that successful remediation will build on the pupil's correct knowledge by introducing 0 as a placeholder in the isolated digit column, so that the child's addition schema is extended to reconcile the conflicting column-by-column and two-numbers rules. Direct teaching of the correct procedure, on the other hand, in no way eliminates the underlying cause of the erroneous behaviour and therefore does not change the schema. Although direct instruction may produce a change in performance, this change is often not permanent - before long the original schema reasserts itself, and the child's behaviour reverts back to what it was before instruction. (See also 3.6)
Pupils often degenerate into distorting rules to allow a schema to overcome some obstacle. Here is a high school example:
e + f = 8
 e + f + g = ?
If a pupil's arithmetic addition schema is retrieved, it will require that numbers be added. Blocked in its progress because no values can be given for the letters, the schema will make a default evaluation and somehow manage to produce replacement numbers. In our research (Olivier, 1984), 58% of std 6 pupils supplied a numerical answer to the question. The most common responses were 12 (from 4 + 4 + 4), 15 (from 3 + 5 + 7, introducing a relationship between alphabetic order and number order) and 15 (from 8 + g, and g is the 7th letter of the alphabet!). This example again illustrates to what extent pupils' attack on a "new" problem is influenced by their attempts to relate it to previously learned ideas, or, put differently, to what extent previously learned ideas actually guide or direct their response to a "new" problem.
3.2 Ordering decimals
The following question is from a recent std 5 mathematics competition:
Which number is the largest?
	(A) 0,62
	(B) 0,234
	(C) 0,4
	(D) 0,31
	(E)  0,532


Response:
	0,62
	(38%);
	0,532
	(29%);
	0,4
	(25%)


Would we expect this result, and can we explain the errors and the sources of the errors?
Studies in Israel, the United States and France (Resnick et al, 1989; Nesher, 1987) have obtained similar results, and have shown that these errors are not slips, but that they are systematic errors based on children's pre-existing valid knowledge. What pre-existing knowledge is at stake and how does it interfere with pupils' attempts to order decimals?
First, pupils choosing 0,532 are using their valid knowledge of ordering whole numbers, e.g. "0,532 is bigger than 0,62 because 532 is bigger than 62, so the longest number is the biggest."
Second, pupils choosing 0,4 are using their valid knowledge of ordering common fractions, e.g. "0,4 is bigger than 0,62 because tenths are bigger than hundredths, so the shortest number is the biggest."
A child newly learning about decimals must build a schema of decimal numbers and relate it to previously acquired whole numbers, common fractions and measurement. This prior knowledge can support (there are many common features), but can also interfere (there are crucial differences) with the child’s construction of a correct and adequate schema for decimals. From results such as those illustrated above, it is only too clear that this prior knowledge is interfering with many children's decimal concepts. This can be attributed to an overgeneralization of the properties of whole numbers and common fractions to decimals, but mainly it means that pupils have not accommodated their previous schemas to include decimals; children view the new system of decimals as "identical" to the previous systems, ignoring the differences between the systems, i.e. they distort the concept of decimals so that it can conveniently be assimilated into existing schemas. Their decimal schemas are therefore inadequate and defective.
I argue, however, that although children may have a defective decimal schema, they manage to cope quite well in the school situation. It is exactly this success that works against any attempt at accommodation, because pupils realise full well that they can handle decimals with their previous conceptions, so why make the effort to change? No accommodation is necessary. I am, in effect, saying that our limited mathematical expectations of pupils are partly to blame for the omnipresence of these misconceptions. First, our teaching does not emphasise conceptual understanding of decimals, but rather emphasises algorithmic expertise. We are satisfied if pupils can add, subtract, multiply and divide decimals. The point is that these procedures are mainly taught by rules that reduce the operations to operations on whole numbers (e.g. to multiply two decimals, ignore the comma and multiply the whole numbers...). No conceptual understanding of decimals are required for such rules; no wonder pupils think they can manage with their whole number ideas. Second, pupils having the two misconceptions mentioned, will have a 100% success rate when initially comparing decimals of equal length, thus reinforcing their misconception, and neither they nor their teacher will realise that they are obtaining correct results with a defective strategy. Furthermore, if exercises are not intentionally designed to diagnose and discriminate such misconceptions (e.g. 0,4 vs. 0,32 will not discriminate the fraction rule and 0,4 vs. 0,62 will not discriminate the whole number rule), pupils may have a high success rate, believing their mistakes were mere slips. This identifies an important perspective on pupils' misconceptions, as explicated by Lèonard and Sackur-Grisvard (1987):
"Erroneous conceptions are so stable because they are not always incorrect. A conception that fails all the time cannot persist. It is because there is a local consistency and a local efficiency in a limited area, that those incorrect conceptions have stability." (p. 44)
"For what problems are those conceptions mathematically correct? For what problems are they erroneous? It is only when we know the mathematical limits of the student's misconception, that we will be able to know when their conceptions will fail, to prevent them, and eventually to teach them to students." (p. 45)
I mention two further interesting snippets from Resnick's research. Apparently the whole-number misconception declines with age, while the fraction misconception is more persistent and increases with age. Different curriculum sequences produce different misconceptions, as illustrated by the finding that French children by and large avoid the fraction misconception and outperformed children in Israel and the United States; in France decimals are taught before common fractions. This, of course, confirms that children's misconceptions derive from attempts to integrate new knowledge with already established knowledge.
3.3 Generalising over numbers
It is a well-known fact that pupils who have learned to solve quadratic equations by factoring, e.g.
x2 – 5x + 6 = 0
 (x – 3)(x – 2) = 0
so, either x - 3 = 0 or x - 2 = 0, tend to make the following error:
x2 – 10x + 21 = 12
 (x – 7)(x – 3) = 12
so, either x  7 = 12 or x - 3 = 12.
This error is very difficult to eradicate - or is, at least, very difficult to eradicate permanently. Even with able pupils, receiving excellent instruction emphasising the special role of zero in the zero product principle, this error will continue to crop up in pupils’ work. Despite careful explanations of why it is an error and despite short-term elimination of the error, it keeps coming back. How do we explain it?
Matz (1980) presents a theory that explains the persistence of this error. There are two levels of procedures guiding cognitive functioning: surface level procedures, which are the ordinary rules of arithmetic and algebra, and deep level procedures, which create, modify, control and in general guide the surface level procedures. One such deep level guiding principle is the generalisation over numbers, which, in effect says that "the specific numbers don't matter - you could use other numbers." This is a very important and in most cases a very necessary observation, which comes naturally to children, e.g. when learning to add, say 52 + 43 by column addition, a child will never master arithmetic if he believed the method works only for 52 + 43. He must believe that the method also works for 34 + 23 and 46 + 21 or any other sum than 52 + 43, also for combinations he has never seen before. Thus, in order to learn arithmetic a pupil must have such a deep level procedure generalising over numbers.
This works very well; as a matter of fact too well: pupils have the natural tendency to overgeneralize over numbers. Because pupils are so accustomed to generalise over numbers, one can predict that errors will be made for any type of problem whose specific numerical values are critical. Overgeneralization of number and number properties may be the single most important underlying cause of pupil's misconceptions.
This is exactly what happens in the case of the quadratic equation. In (x – 3)(x – 2) = 0, the numbers 3 and 2 are not critical to the method, but the 0 is! Pupils should therefore generalise:
(x – a)(x – b) = 0
implies x – a = 0 or x – b = 0 	(1)
Pupils who fail to realise the critical nature of the 0, treat it just as they do the other numbers and over-generalize:
(x – a)(x – b) = c
implies x – a = c or x – b = c 	(2)
Equation (2) would be a correct generalisation of equation (1) if generalising were appropriate in this case. Unfortunately it is not. It is probably the first important rule pupils have met where some specific number should not be generalised.
We all know this. What is interesting, is our awareness of the guiding deep level procedure of generalising over number as the cause of the error; the surface level procedures are operating correctly. This explains why the error is so obstinate and resistant to change, despite our best efforts, and despite pupils' best intentions: it is not just a matter of learning, it cannot simply be erased from memory, because it is continually being re-created by a sensible deep level guiding principle. What is lacking is a critic - a danger signal that in this particular case the application of the deep level procedure is wrong, which probably only comes with experience of making such mistakes.
This example shows again the sensibility of pupils' errors and how pupils' misconceptions are not random, but originate in a consistent conceptual framework based on earlier acquired knowledge.
3.4 Generalising over operations
If you teach mathematics in primary school and probably even if you teach in high school, you will recognise the following as a frequent and persistent error (Van Lehn, 1982):
	263
	546

	– 128
	– 375

	145
	231


To remediate the error one may try direct teaching of the correct algorithm and address issues such as place-value, "borrowing" and number combinations. Yet we all know that this error is extremely obstinate and resistant to change - it will recur again and again.
Are our diagnoses correct? If we want to account for pupils' systematic errors from a constructivist perspective, analysing the procedures and their prerequisites is not sufficient. We must, especially, know how this new knowledge is embedded in a larger meaning system that the child already holds and from which he derives his guiding principles; we must analyse what knowledge in previous learning may be influencing a new idea.
Available research (e.g. Davis, 1984) suggests that one guiding principle is children’s erroneous conception that subtraction is commutative, i.e. the order does not matter, so 6 - 4 and 4 - 6 are the same, or rather they have the same answer.
Why would pupils think that subtraction is commutative? Again, it is an outcome of their experience influenced by correct previous learning. In the system of whole numbers in primary school children work only with 6 – 4; 4 – 6 only arises when we introduce negative numbers in std 6, so the need to discriminate between the two forms never really arises. We also know that children – and humans in general - generally do not discriminate any finer than is needed in a given situation, i.e. discriminations are not made where they are not presently needed (Davis, 1984).
The commutativity of subtraction is further reinforced by word problems containing phrases such as "the difference between Bill's age and Mary’s age is 2 years", without specifying who is older, so presumably 6 - 4 and 4 - 6 both produce 2 as result (actually, this is an early conception of absolute value!). Also, have pupils not often heard to always "take the smaller from the larger", which is exactly what they are doing in the beginning examples? The point is that although children know 6 – 4 and 4 – 6 have different meanings, they may reason that the method to get the answer of 4 – 6 is to calculate 6 – 4, which is the only physical meaning they have available; so 6 – 4 and 4 – 6 are, by definition, equal in value. Even high school teachers will frequently find that pupils write (300 + 400) – 1800 for an angle in a triangle, but calculate 700 – 1800 = 1100.
But the main contributory influence for seeing subtraction as commutative is probably that pupils have extensive experience of the commutativity of addition and multiplication when learning their tables, and, in lieu of any contradictory evidence, they have no reason to expect that subtraction will behave otherwise. They are over-generalizing over operations. We can predict that the same misconception will show itself in division, and, indeed, it often does (although other misconceptions are induced by the intuitive meanings of the operations - see next paragraph). It is possible that the early introduction of calculators in the primary school may alleviate this particular misconception.
One of the largest and most frequently occurring class of errors in the high school, which Matz (1980) calls linear extrapolation errors, is illustrated by the following examples:
 (a + b) =  a +  b
(a + b)2 = a2 + b2 
a(bc) = (ab)(ac)
log (a + b) = log a + log b
sin (a + b) = sin a + sin b
I shall not delve into the problem here, except to say that these errors are probably grounded in an overgeneralization of the "distributive property", which children encounter often in arithmetic and in introductory algebra, and where it is natural to work with each part independently, e.g.
a(b + c) = ab + bc
a(b – c) = ab – ac

(ab)n = an bn 
A (BC) = (AB)(AC)

Putting it differently, these errors are an overgeneralization of the property f(a + b) = f(a) + f(b), which applies only when f is a linear function, to the form f(a * b) = f(a) * f(b), where f is any function and * any operation. This super-formula now acts as another deep level procedure, saying "work the parts separately", so that the indicated errors are continually being re-created, which explains its obstinate recurrence.
As mentioned before, the error will probably only be resolved if the pupil develops (from experience of errors!) a critic that will recognize the deep level construction as an error. In this regard it is important to be aware of the conditions under which the deep level procedure may be applied.
3.5 Meanings
The following two problems differ markedly in difficulty to pupils (Bell et al, 1981; 1984). Why should this be? Can we predict and explain the difficulty?
(A) 1 liter of petrol costs R1,12. How much will it cost to fill a tank holding 3 liters?
(B) 1 liter of petrol costs R1,12. How much will it cost to fill a small tank which holds 0,53 liters?
Would we be surprised at a success rate of 27% for 13-year-olds for (B)? Ah, we would say, it is because pupils find decimals difficult! This explains nothing. What is it about decimals that pupils find difficult? Note that pupils were not required to perform the actual calculation, but only to indicate what operation was needed to solve the problem. So the difficulty does not lie in the calculation, but in the choice of operation. In Bell's study, 63% of pupils erroneously chose division in (B). Can we explain that?
The mediating or driving misconception causing the error is that "multiplication makes bigger and division makes smaller". So in (B) pupils reasoned that 0,53l is less that 1l, so it should cost less than R1,12. So to make it smaller they are driven by their misconception to choose division as operation.
What are the origins, the roots of these misconceptions? Well, as you have come to expect at this stage - in experience of successful previous learning. When working with whole numbers, multiplication always makes bigger (except for 0 and 1, which may be discarded as special cases). So it is, again, a case of an overgeneralization from whole numbers (where it is true) to decimal numbers (and probably fractions and integers, where it is not generally true).
The question is: why do pupils not make the necessary accommodation after working with fractions and decimals for some time; why do they not notice that it is not valid for decimals and fractions? The answer probably lies in our emphasis on the procedures for the operations, where any checking is done, not by estimation, but by repeating the same process. We therefore never focus our attention on the relative sizes of the factors and product in the multiplication of decimals. The misconception has no apparent detrimental effect on calculation, so we may not even notice it or be overly concerned about it. So the misconception is alive and well and influencing children's problem solving!
But the roots of the misconception lies deeper. Consider the following two problems used by Fischbein et al (1985):
(A) From 1 quintal of wheat you get 0,75 quintal of flour. How much flour do you get from 15 quintals of wheat?
(B) 1 kg of a detergent is used in making 15 kg of soap. How much soap can be made from 0,75 kg of detergent?
The numbers in both problems are the same, yet (A) yielded 79% success and (B) only 27% (with 45% choosing division). How can that be explained? The difference can be ascribed to pupils' implicit intuitive meaning of multiplication, namely repeated addition. In the repeated addition model of multiplication, multiplication necessarily makes bigger:
3  5 = 5 + 5 + 5
and multiplication is not commutative (or rather, the forms have different meanings):
5  3 = 3 + 3 + 3 + 3 + 3
In a repeated multiplication model 3  0,47 has a meaning, but 0,47  3 cannot be interpreted as repeated addition. Now notice that in (A) the model is 15  0,75, which can be understood as repeated addition and therefore cannot be related to pupils' intuitive meaning of multiplication. It is clear that pupils' choice of operation is mediated by their original implicit model of multiplication.
It is again clear that senior pupils have not progressed, have not accommodated their understanding of the meaning of multiplication beyond their first ideas. To be able to cope with area of a rectangle, and problems relating to speed, price, etc. the meaning of multiplication must be extended to include other models of multiplication, e.g. the idea of rate. Do we try to teach it at all?
Here is an example where children's interpretation of the meaning of symbols lead them astray:
"In a certain college there are six times as many students as there are professors. Use S for the number of students and P for the numbers of professors to write an equation for the situation."
In our research (Olivier, 1984), 58% of std 8 pupils erroneously responded with P = 6S, which means they are interpreting S as an abbreviation for "students" and P for "professors". In essence, they are using letter symbols as labels, or as abbreviations for units as in 6 gram = 6g, which is probably children's first encounter with letter symbols. Pupils often carry this prior meaning into algebra, with disastrous results, as the example shows. This misconception of the meaning of letter symbols in algebra is reinforced when we treat 2x + 3x as mere abstract "letters" and a + b as apples and bananas. Pupils need to construct meaning for letters as numerical variables in order to cope with algebra.
3.6 Interference
Davis (1984) offers an alternative explanation for the students-professors error. He suggests that pupils may indeed have a numerical-variable schema available. But a schema such as the letter-as-label, which is acquired early and developed well may prove to be extremely persistent, so much that it may sometimes continue to be retrieved inappropriately long after one has become fully cognisant of the conditions under which it is or is not used. Put differently: a new appropriate schema may be available, but the old schema continues to exist. The source of such misconceptions lies in retrieving the wrong schema and not recognising the retrieval error. As for remediating the misconception, Davis advocates making sure that pupils are aware of both schemas and of the likelihood of incorrect choice.
This issue of the retrieval of an inappropriate schema is further illustrated by the following well-known teacher-pupil dialogue:
Teacher: What is four times four?
Pupil: Eight
Teacher: How much is four plus four?
Pupil: Oh! It should be sixteen!
How is this sequence to be explained? The addition schema is constructed first and is well developed. Thus, when a question is asked about multiplication, which is a more recent (and maybe less secure) piece of learning, the pupil replaces it with a question dealing with earlier (and presumably more securely learned) material. This replacement is also common in other cases, and we notice that it is nearly always the case that the replacement is with an earlier idea:
4  4 becomes 4 + 4
23 becomes 2  3
6  ½ becomes 6  ½ or 6 ÷ 2
  becomes 2x
We notice also that the visual cues for the pairs of questions are very similar in nature. Maybe pupils are not discriminating the visual cues?
However, it is not always the case that previously learned skills interfere with new skills, but often also the other way around, e.g. x + x = 2x until pupils learn multiplication, then x + x suddenly becomes x2 .
Byers and Erlwanger (1985) suggest that this confusion should be sought in memory transformations and subjective organisation during retention. They suggest that many errors are due to attempts by students to simplify mathematical material. The student tries to introduce his own unity, coherence and consistency into material he has learned at different times, and to do so on the basis of hypotheses which appear to him to be both simple and sensible. Because in the event old and new concepts, strategies and algorithms tend to be confused and substituted for each other, the resulting errors are usually ascribed to "interference".
Jerome Bruner has also noticed this confusion:
"...when children give wrong numbers it is not so often that they are wrong, as that they are answering a different question. The teacher’s job is to find out what question they are in fact answering".
Teachers must help pupils to differentiate between such cases and stress the conditions under which each is applicable.
4. DISCUSSION
(1). The most essential message of this paper is that we should have sympathy - more: empathy, with children for their errors and misconceptions in mathematics. If we understand the general principles of cognitive functioning from a constructivist perspective, we will realise that, for the most part, children do not make mistakes because they are stupid - their mistakes are rational and meaningful efforts to cope with mathematics. These mistakes are derivations from what they have been taught. Of course, these derivations are objectively illogical and wrong, but, psychologically, from the child's perspective, they make a lot of sense (Ginsburg, 1977).
(2). We would probably all agree that mathematics is a cumulative subject, and that any new learning depends on previous learning. We would also agree that
* correct new learning depends on previous correct learning,
and also that
* incorrect new learning is often the result of previous incorrect learning.
What I have tried to show, is that
* incorrect new learning is mostly the result of previous correct learning.
Every misconception we have discussed had a legitimate origin in previous correct learning  each misconception was correct for some earlier task, as performed in some earlier domain of the curriculum.
(3). The source of misconceptions is mostly an overgeneralization of previous knowledge (that was correct in an earlier domain), to an extended domain (where it is not valid).
(4). A schema acquired early and developed well is highly resistant to change.
(5). Children do not easily accommodate new ideas when necessary, i.e. change their present schemas, but rather assimilate new ideas into existing schemas, which means that the new idea must to a certain extent be distorted to be "like" a previous idea.
(6). Traditionally, the university blames the high school for poor teaching, the high school blames senior primary, who blames junior primary, who blames the home...In our examples of misconceptions we have seen that pupils' early learning is correct, but that it is exactly this correct learning that is eventually the source of later misconceptions. Where does the problem really lie? Either earlier learning must be changed so that pupils' ideas will not later have to be changed (i.e. teach the "correct" notion from the start), or we must later make a special effort to prevent or remediate children's misconceptions. Neither is easy. For early learning, take "multiplication makes bigger" as an example, which we have shown, originates from the early teaching of multiplication as repeated addition. This leaves us with a fundamental didactical dilemma. If we continue to introduce multiplication via repeated addition, we create a strong, and resistant, but incomplete meaning of multiplication that will come to conflict with later meanings of multiplication. On the other hand, repeated addition is probably the best introductory meaning available for multiplication, so we have little choice but to continue in this way. The notion of decimals before fractions is an interesting possibility. But it is not possible to teach decimals before whole numbers, or algebra before arithmetic! There is little to change, we must accept the possibility that early learning may, through overgeneralization, lead to misconceptions.
Can we prevent or remediate misconceptions later? Yes and no. Yes, later teaching is presently not adequately aware of the major cognitive leaps pupils must make in e.g. the transition from whole numbers to decimals and fractions, and from arithmetic to algebra. Our later teaching emphasises computational and manipulative dexterity at symbolic level, rather than conceptual understanding. This dexterity does not require pupils to accommodate their existing schemas - many pupils` misconceptions are masked by adequate performance in mathematics. So, if later teaching really addressed the issues, we could prevent or remediate the mentioned misconceptions by helping pupils to integrate the new and the previous knowledge. No, because misconceptions may develop naturally as a product of typical human mental processing. Research shows that the initial intuitive ideas become so deeply rooted in the child's mind that they continue to exert an unconscious control over mental behaviour even after the child has acquired formal mathematical notions of the idea that are solid and correct (e.g. Fischbein et al, 1985).
(7). From a constructivist perspective the teacher cannot transmit knowledge ready-made and intact to the pupil. Errors and misconceptions are seen as the natural result of children's efforts to construct their own knowledge, and these misconceptions are intelligent constructions based on correct or incomplete (but not wrong) previous knowledge. Misconceptions, therefore, cannot be avoided. Such errors and misconceptions should not be treated as terrible things to be uprooted, since this may confuse the child and shake his confidence in his previous knowledge. Instead, making errors is best regarded as part of the process of learning. We should create a classroom atmosphere that is tolerant of errors and misconceptions and exploit them as opportunities to enhance learning. In this regard direct teaching ("telling") of missing concepts will not do. Rather teachers should help pupils to connect new knowledge to previous learning. Swan (1983), Nesher (1987) and Olivier (1988) describe a teaching approach that is designed to expose children's misconceptions and provide a feedback mechanism that leads to cognitive conflict. Discussion, communication, reflection, and negotiation of meaning are essential features of a successful approach to resolve pupils' misconceptions.
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Recently, the concept of lesson planning has become a focus of discussion among educators. Lesson planning can be defined as pre-active decision making that takes place before instruction. Teachers, consciously and unconsciously make decisions that affect their behavior and that of their students. Cognizant decision making, such as lesson planning, involves teachers' conscious efforts in developing a coherent system of activities that promote the development of students' cognitive structures. In this article we describe a research study, which was one of the components of a multi-faceted project, the Middle School Mathematics Initiative. This study focused on planning lessons for instruction and investigated the process of implementation of the Four Stages of Lesson Planning strategy. Planning meaningful experience for students is a basic requirement for successful teaching. Well-organized lessons and presentations facilitate students' perceptions of connections among mathematical concepts and major ideas. While the student is constructing new knowledge, the form in which the information is presented affects how the new knowledge is constructed. 
Silver (1998) points out that results of the Third International Mathematics and Science Study (TIMSS, 1996) indicate a pervasive and intolerable mediocrity in mathematics teaching and learning in the middle grades and beyond. In far too many classrooms, mathematics instruction includes review of the previous lesson's homework assignment, quick delivery of a set of rules and procedures by the teacher, and the rest of the lesson, if there is any time left, is filled out with a set of exercises for practice.
The president of the National Council of Teachers of Mathematics, Lee V. Stiff in his message Learning Our Lessons (NCTM, 2000) calls for renewing attention to the elements of good lesson planning and implementation. He points out that the teachers, while fulfilling their numerous duties and responsibilities put by the wayside the development of detailed and well-thought out written lesson plans. If we are to change the status of and improve mathematics learning we must invest time in improving teaching and promote the thorough development and review of lessons plans. 
Recently, the concept of lesson planning has become a focus of discussion among educators. Lesson planning can be defined as pre-active decision making that takes place before instruction. Clark and Joyce (1981) stated that, consciously and unconsciously, teachers make decisions that affect their behavior and that of their students. Cognizant decision making, such as lesson planning, involves teachers' conscious efforts in developing a coherent system of activities that would facilitate the evolvement of students' cognitive structures. In this article we describe a research study, which was one of the components of a multi-faceted project, the Middle School Mathematics Initiative, sponsored by the state Department of Education. This study focused on planning lessons for instruction and investigated the process of implementation of the Four Stages of Lesson Planning (Panasuk & Cutler, 2001; Panasuk & Stone, 2002). 
Four Stages of Lesson Planning 
The methodology of teaching mathematics must involve accessible and developmental instruction, the scientific approach and its connection with real world, and systematic and logically consistent learning. Well-organized lessons and presentations facilitate students' perceptions of connections among mathematical concepts and major ideas (Cooney, Davis & Hendereson, 1983). While the student is constructing new knowledge, the form in which the information is presented affects how the new knowledge is constructed. When teachers emphasize the meaningful relationships among ideas and encourage students to search for connections, the students are more likely to succeed as compared to when they function without assistance. 
Teaching mathematics is a purposeful activity and is best accomplished when it is scrupulously planned. Planning meaningful experience for students is a basic requirement for successful teaching. To help teachers in their process of planning and in organizing their instruction, we suggest the following
Four Stages of Lesson Planning (FSLP) strategy: 
1. Objectives 
2. Homework 
3. Developmental Activities 
4. Mental Mathematics 
It is important to stress that the introduced sequence is suggested for planning and not for delivering of a lesson. The delivery of a lesson progresses from objectives to mental mathematics activities, to the developmental activities, and to the announcement and explanation of the homework assignment. 
Lesson planning formats may vary from lesson to lesson, however the core components and their sequence such as objectives, homework, and mental mathematics are fundamental to planning. They constitute the logical design, uniting lesson components; connecting them into a coherent structure that makes each lesson consistent, integrated and complete. 
The Theoretical Framework of the FSLP 
The Four Stages of Lesson Planning (Panasuk & Cutler, 2001; Panasuk & Stone, 2002) as a framework for planning instruction, was developed to shape and to structure the complex process of lesson planning. The FSLP is organized in an hierarchical fashion based on the constructivist perspective that teachers should design instruction that provides students with opportunities to make connections between new information and their existing cognitive structures (Ausubel, 1968). 
Objectives: 
Gagne (1997) asserted that planning effective conditions for learning must begin with an explicit classification of learning outcomes. Objectives and evaluation are two very important and closely linked components of instruction. The most important function of formulating objectives is planning what students should know and be able to do at the end of a lesson. 
Mager (1975) and Gagne, Briggs & Wagner (1992) suggest that objectives (often called behavioral or instructional in the literature) must be stated in terms of student observable behavior and in a way as to make clear how the objectives will be measured. Usage of specific action verbs that are unambiguous and explicit is fundamentally necessary and essential. If teachers, when planning instruction, think in terms of specific behavioral objectives that identify, in detail, the expected terminal student behavior, then they can develop instructional sequences designed to attain the objectives (Joyce & Weil, 1992). Popham and Baker (1970) found that without specific training, very few teachers establish behavioral objectives that are tied closely to either instructional activity or evaluation methods. Joyce and Harootuian (1964) concluded from their analysis of data that very few teachers use behavioral objectives as they construct their lessons, and that most depend entirely on teaching materials for selection of strategies, methods, content, and sequence of activities. 
Thinking of and formulating objectives, teachers ensure that a wide range of objectives have been generated and created by considering a variety of cognitive behaviors. The taxonomy of cognitive behavior developed by Bloom, Hastings and Madaus (1971) represents the classification of general educational objectives into a six-level hierarchy of increasing complexity. 
· Knowledge: At this level information must be recalled. For example, students are asked to recite, define, write a formula, plot or label the coordinates of a point. 
· Comprehension: At this level information is understood and used, and can be interpreted and translated. For example, write an equation of the line that represents the graph. The students may be asked to reproduce, paraphrase, or find examples of concepts and ideas. 
· Application: At this level information is used to solve problems: Prove that the sum of two even numbers is an even number, or find the value of k in the equation x^sup 2^ + 4x + k = 0, which has two distinct roots. The students are asked to select, explain, or justify their steps as they solve problems. 
· Analysis: At this level, information can be broken into parts and relationships between the parts can be understood: Compare all properties of a parallelogram with all properties of a rhombus. Students are asked to identify the common and individual properties of polygons. Students can be also asked to relate or distinguish among properties of the same classes of polygons. 
· Synthesis: At this level information can be used to create new information. Students can be asked to develop a procedure which would help in recognizing a perfect square trinomial; to look for a pattern and make conclusions. During these activities, students may focus on developing a summary of a procedure or a set of properties. 
· Evaluation: At this level information can be compared, contrasted and judged against a given criterion, Students are asked to compare and contrast the two models of non-Euclidean geometry such as the Reimann spherical model and the Klein parabolic model. 
While Bloom's taxonomy is organized from simple to complex, it is not necessarily correct to rank lesson objectives from trivial to important (Slavin, 1994). Different purposes of lessons require different levels of objectives. The key concept of the taxonomy is that it provides many levels, a hierarchy of skills for students at different stages of development (Piaget, 1977). 
Homework: 
Since the objectives are stated in terms of how they will be measured, they are closely linked to assessment. Among different forms of assessment, homework is one of the primary sources. One of the goals of homework is to establish connections between previous and subsequent lessons, or to associate several lessons. It is during the homework that students are expected to practice their mathematical knowledge and skills, and to develop ownership of understanding and responsibility (Spadano & Panasuk, 1999). 
By regularly doing homework assignments and working independently, students learn how to become autonomous learners and monitor their self-control, self-discipline and self-regulation. When homework assignments are carefully planned by a teacher, they provide an active learning environment and an essential experience in addition to what happens in the classroom. Daily or long term homework assignments must contain a variety of exercises including problems discussed in the past in order to practice and enhance previously learned skills, as well as some advanced problems to challenge the students' intellectual ability. 
When students are encouraged to see and to recognize the resemblance between the homework problems and those discussed in class, they will be able to follow the steps of the worked-out examples while doing their homework. In the problem-- solving literature (Anderson, 1993; Simon & Anzai, 1979; Van Lehn, 1986, 1990) there is agreement that by following the steps in a worked-out examples, students may generalize and abstract the correct procedure for a given skill and they are able to generate explanations in the learning process. Students' reliance on worked-out examples has been demonstrated in several studies. Specifically, when students were given a choice between using worked-out examples versus written instructions or explanations, students tend overwhelmingly to choose the worked-out examples (Anderson, Farrell & Saurers, 1984; Pirolli & Anderson, 1985). 
Developmental activities: 
Ausubel (1968) stated that Advance Organizers facilitate the longevity of meaningful verbal material. They explicitly draw upon and mobilize relevant subsuming concepts that previously exist in the learner's cognitive structures and make them part of the subsuming substance. The new material, which is presented in a more familiar and meaningful way, is relevant conceptually to the previously learned material and is utilized in an integrative fashion. 
Dubinsky and Lewin (1986) asserted that in the efforts of facilitating learning what is usually lacking is an attempt to orient or design instruction around the actual process of learning. They argued that encouraging students to learn new material by imitating the teacher's behavior or listening a lecture is not effective. Rather, it is more productive to develop an analysis of the mental processes by which new concepts are acquired. They continued that while it is the student's responsibility to construct knowledge for herself or himself and not to duplicate the knowledge structure of someone else, the student must be exposed to the "pre-disposing structures and influences" created by an expert who explains and illustrates all the prerequisite structures, both necessary and sufficient, for the cognitive act to occur. 
Mathematics as a product of human intellectual achievement and as a way of thinking is an organized structure of knowledge in which each proposition is derived logically from previously proven propositions. It is the study of patterns and quantitative relationships of the real world. It is a unified system of notions, definitions, concepts and operations that describe and explain certain patterns and relationships that exist in the real world. Through cumulative efforts of numerous mathematicians, who aimed to achieve accurate descriptions, explanations and interpretations of real world phenomena, mathematics has evolved over thousands of years and has grown into a structured discipline. Because mathematical ideas reflect the real world, we view mathematics as a natural science and use the scientific method to obtain and analyze data. We first observe the surrounding world and perceive the phenomena through experiences with concrete objects or visual representations, events and ideas. We examine the collected information and search for common properties and patterns, which suggest relationships or structure. Then, we translate the general ideas into mathematical language by means of carefully defined terms and concise symbolic representations, which adds precision to communication. We become aware of relationships within the ideas by formulating a conclusion that describes the pattern of events or ideas involved. 
What distinguishes mathematics from other natural sciences is its abstractness. Mental combination of several objects with common characteristics, such as two apples + three apples = five apples, three crayons + two crayons = five crayons, etc. and association these sets of objects with a certain word, such as the commutative property of addition, leads to acquisition of an abstract concept which can be written in the symbolic form, such as a + b = b + a. A concept is a mental abstraction with common properties of a set of experiences or phenomena. Definitions and rules are elegant and parsimonious statements, which describe the concept with a minimum language. Nonetheless, the brief and refined definition or rule is a barrier to learning for many students. The definitions and rules have a specific logic, which portrays a structure or properties of a structure and makes it hard to understand when is presented in a concise manner. 
If teaching a concept begins with simply pointing out the definitions or rules and followed by teacher telling procedures, the natural process of learning the concept can be reversed potentially limiting students' mathematical power. Such an instructional approach provokes some students to view mathematics as an unrelated set of rules and procedures. Many students experience difficulty when applying their knowledge and skills because those knowledge and skills are, at large, fragmented, isolated and mechanical (Schoenfeld, 1985). 
To make the process of learning mathematics meaningful, students must see the development and the relationship among concepts and make sense of what they study. Symbols and formal representations of mathematical concepts must be presented gradually from the concrete to the abstract. Students must have a direct experience in manipulating and arranging real-world objects, observing patterns and regularities across different models and expressing their thinking through images and pictures. They must be prompted to use their intuition and senses, to guess and make hypotheses, to test by trial and error, and to make even unfeasible conjectures. 
Symbols must be introduced after the students understand the relationships and develop the necessary vocabulary. When students make adjustments and accommodate their new knowledge based upon their prior knowledge and skills, they grasp the interrelationships among concepts and procedures and manipulate and reorganize patterns developing new patterns and properties. They establish meaningful connections with the previously learned mental structures. 
To develop their intellectual capacity in students, teachers ought to create an environment that promotes intuitive understanding and reflects the social and emotional needs of the students. The students should participate in a creative process of intellectual excitement and discovery of the basic mathematical structures and transfer their prior knowledge to different situations and tasks. 
Mathematics lessons must be designed around a central idea, which is developed and expanded by means of a variety of contexts. Thus, classroom activities must be planned in conjunction with previously learned terminology, procedures, rules, concepts and notions, and must be carefully correlated with each student's actual knowledge and skills. Gagne (1983) asserted that learning of the new concept could not occur in students who had not acquired knowledge of the prior concept that is the prerequisite of the new one. He argued that acquisition of new knowledge depends upon recall of previous knowledge. 
Student mental representations: 
How a teacher introduces or defines a new idea can make a big difference to student's subsequent success. To understand an abstract mathematical concept a student must be able to make connections between the different representations of the concept. When students have mentally formed a mathematical concept they have established the connections between their prior knowledge or old concepts and new ones. They are capable of verbalizing their mental representations of the concept and apply new knowledge to a variety of problems. 
While planning instruction, teachers should decompose the "big concept" to be taught by identifying the prerequisite or the sub-concepts. It is far easier to work out small pieces that the learner's mind can grasp and manipulate. The big concept can be viewed as a set of sub-concepts in a variety of ways. Students build in their heads different mental representations, which are based on their personal experience. Student experience is different from the experience of adults, and the representations available to a student are accordingly different. 
The teacher's role is to try to recognize the students' representations as accurately as possible. When a teacher is able to recognize the representations that a student has in mind, and can use these representations to interact with the student, the communication between the teacher and the student can be helpful. Providing the students with precisely those experiences that will be most useful for further development or revision of the mental structures that are being built will help the students to function within their "zone of proximal development" and to move from their "actual level of development to their potential developmental level" (Vygotsky, 1986, p. 85). Teachers need to remember that ultimately, students are doing the work of building or revising their personal representations. As Davis and Maher (1997) suggested, "the experiences that the teacher provides are grist for the mill, but the student is the miller" (p. 94). 
Students' personal collection of mental building blocks, experiences, and accurate relations to real life mathematics are the tools to think and to use prior knowledge in creative and original way. Successful teachers do not communicate the definitions, rules or procedures. They help their students to build mental representations and "lead them to themselves discoveries" (Polya, 1981). They convey complex concepts in simple terms and encourage meaningful learning through a detailed sequence of instructional moves revealing the mathematical structure that underlies a typical algorithm. Cognitive representation of the concept progresses through different modes of representations from the concrete (working and operating with real objects), to mental imagery (pictures, diagrams, semi-symbolic mental pictures by summarizing the events and representing their properties), to abstract or symbolic representation (using language competence, appropriate vocabulary, appropriate terminology). Operating with symbols, the students learn to think by means of symbols, but may need to use their mental imagery as a frame of reference, and develop their ability to think abstractly. 
To develop mental abilities and cognitive interests, teaching must be based on developmental instruction, which provides systematic and logically consistent learning based on the scientific approach and its connections to the real world. Developmental instruction makes students mentally active through revealing to them new connections and relations. A new way of looking at familiar objects stimulates the students' cognitive interest and curiosity. 
Mental Mathematics: Task Analysis 
An integral part of the planning process is the design of mental mathematics activities that activate prior structures and stimulate and facilitate new learning. When developmental activities, such as introduction of a new concept or reinforcement of earlier learned concepts are planned, task analysis (Gagne & Medsker, 1996) is essential for meaningful learning. The skills that constitute the complex mathematics concepts must be broken down into subskills so that the learners recognize what they need to know to succeed. Identifying component skills (Gagne, 1997; Gardner, 1985) or fundamental subskills, is a process of scaffolding for and screening the subconcepts for the elements that support the superconcepts. For example, to learn multiplication of fractions the students must know the meaning of multiplication and how to multiply a whole number by a fraction. 
Planning mental mathematics, the teacher designs a brief and fast-paced set of problems that contain very basic elements of the prior knowledge as well as prerequisites for the new learning. Gagne and Medsker (1996) suggested that prior learning must be present in long-term memory and readily accessible to working memory when the new learning occurs. Mental mathematics activities, when planned in a hierarchical sequence, namely from subordinate to superordinate concepts, allow teachers to pretest students and classify their readiness for the acquisition of a new concept. 
Figure 1 shows an example of the mental mathematics activities that preface the learning of multiplication of fraction. The first three problems illustrate different representations of the same concept, multiplication of a whole number by a fraction, and reflect the idea of multiple representations of the concept of multiplication: as the area of a rectangle, and as a repeated addition. Problem four tests the skill of multiplication of a whole number by a fraction and application of the commutative property of multiplication. Problem five is intended to probe the skill of multiplication of a whole number within a context of a problem, which must be translated into a mathematical model based on multiplication. The last problem is designed to review one of the homework problems from the previous class, true or false 3x 1/15 x 5 = 1, but stated in its inverted form. 
Formative assessment is the fundamental principle of planning and is an embedded concept of the FSLP strategy. Classroom practice must be designed to provide, both explicitly and implicitly, information from which teacher and students will be able to make informed decisions with the goal of changing behavior and improving performance. As Wiggins (1993) suggested, formative assessment is intrinsic to the interaction of the student and teachers. Assessment has a formative role when it is merged into design and implementation. When planning lessons, teachers must think about the evaluative tools that would inform them about student learning during instruction. Scriven (1967) identified these evaluative tools that involve collection of information as "formative evaluation" (p. 48). Crooks (1988) suggested that formative evaluation that emphasizes skills, knowledge and attitudes is the most vital. 
Formative evaluation has its roots in the learning model described by Bloom et al. (1971). This model involves short-term goals, clear learning objectives and assessment criteria, and detailed feedback specific to these criteria which is aimed at indicating to students what they have or have not learned and what they should do to improve performance. Bloom et al. (1971) addressed formative evaluation as the "systematic evaluation in the process of curriculum construction, teaching and learning for the purpose of improving any of these processes" (p. 470). Through frequent formative assessment, the teacher gains access to students' notions and mental frameworks throughout the teaching and learning process. Formative assessment helps the teacher to identify not only what the student achieved but also what the student may achieve next. In other words, the teacher may facilitate students work within their zone of proximal development (Vygotsky, 1986). William and Black (1996) state that formative assessment should identify "the level of task that a child is ready to undertake on the basis of what he can already do, as long as he receives the best possible help" (p. 22). 
In summary, the principal function of the FSLP, as a lesson planning organizer, is to provide teachers with a tool, by using which they would be able to bridge the gap between what the learners already know and what they need to know in order to learn new concepts meaningfully and efficiently. This idea is reflected in the sequence of the planning process from the formulation of objectives to composition of homework to planning the developmental phase of the lesson. Task analysis of the concepts, or new procedures or strategies to be learned through the lesson activities, is the process by which those concepts are broken down into subordinates concepts/skills. Mental mathematics problems are designed to incorporated those subordinate concepts/skills to predispose students to leaning new concepts. 
The Research 
The purpose of this research was to identify and study the trends and patterns in middle school teachers' processes of implementing the Four Stages of Lesson Planning (FSLP) strategy. The researchers were interested in examining the issues associated with the process of engagement into the innovation-adoption activities related to the FSLP strategy (Hall & Loucks, 1977). The teachers in this study were the primary target of the interventions designed to facilitate change in the classroom. As Hall and Loucks (1977) suggested, change is a highly personal experience. They define the personal dimension as the perceptions and feelings of the people experiencing the change process, and asserted that the personal dimension is often of more critical importance to success or failure of the change effort (p. 38). The teachers' personal satisfactions, frustrations, concerns and perceptions play a role in determining the success or failure of a change initiative. The research question and its logic suggest a qualitative type of methodology, the development of case studies. 
Methodology 
To classify and analyze the patterns associated with the processes of implementing the Four Stages of Lesson Planning (FSLP) strategy, and the influence of the FSLP strategy on the teachers' knowledge about planning and reformation of their practice, multiple instruments were designed and applied. The researchers collected and analyzed teacher surveys, semi-structured interviews, the teachers' written lesson plans and the field notes of the observed lessons together with the reflections written by the observers and the teachers. Those different sources of data ensured the consistency and reliability of the analysis and inferences drawn. 
Sample: 
Three middle school teachers were selected to develop three cases. The process of selection of the teachers consisted of the following steps. Fifty-eight middle school teachers from fourteen schools in eight districts of one of the northeastern states volunteered to participate in a statewide Middle School Mathematics Initiative project. These teachers taught in schools considered as underperforming by the state mandated mathematics standardized tests. All teachers were introduced to the FSLP strategy by mathematics specialists trained by project staff and encouraged to apply the strategy to improve their instruction. They were regularly observed by the specialists, and were required to submit their lesson plans and reflections on their teaching. Among those fifty-eight teachers, nine middle school teachers were enrolled in the graduate mathematics education courses where they received an intensive training in mathematics content and on the implementation of the FSLP strategy. 
Instruments: 
The researchers developed two questionnaires to elicit informative responses from the teachers. The first questionnaire was distributed to the nine teachers with the purpose of selecting three teachers for further investigation. This questionnaire contained the following questions: 
· Have you practiced using the Four Stages of Lesson Planning strategy when you plan your lessons? 
· Describe the difficulty you experience (if any) when implementing of the Four Stages of Lesson Planning strategy. 
· What do you think is the cause of your difficulty (if any)? 
· Given the Four Stages of Lesson Planning strategy, what is the most difficult stage for you to accomplish? 
· If you have been using other strategies of lesson planning in the past, compare and contrast your prior experience with the new experience in using the four stages of lesson planning. 
· The teachers were also asked to evaluate their mathematics background and their pedagogical content knowledge. 
Based on the analysis of the first questionnaire, three teachers were chosen for further investigation. Purposive sampling (Lincoln & Guba, 1985, p. 199) or sampling with a purpose was used to choose the three teachers. The researchers deliberately selected the best of the teachers from the group of those who participated in the project and ensured that they had different mathematics and pedagogical background and different length of teaching experience. The selected teachers demonstrated an ability to develop in-depth analyses of their teaching, provided the most insightful reflection on their practice, were willing to learn better ways of teaching and improve their instruction. They were considered good and promising teachers by their supervisors and by their peers. 
The second questionnaire was then distributed to those three teachers. The questions encouraged the teachers to reflect on their practice and, in particular, on their implementation of the FSLP strategy. The teachers were asked to identify their degrees, careers, and certification status. They indicated the grade levels and subjects they teach, whether they have or had a mentor in their schools, and how often they were observed by school staff and administration. Table 1 contains a summary of the demographic data about the teachers [Insert Table 1 Here}. 
These three selected teachers also participated in follow-up interviews. During the follow-up interviews similar questions were applied consistently to each of these three teachers. They were prompted to elaborate on their responses to the questions about lesson planning. The participants were encouraged to concentrate on an analysis of the implementation of the FSLP, particularly on the most difficult aspects of it. The interviews were audiotaped and transcriptions of the tapes were produced for analysis. 
To establish trustworthiness (Lincoln & Guba, 1985) of the inferences, lesson plans, lesson observations' notes and reflections on teaching of those three teachers were also collected to provide here-and-now experience in depth (p. 273). Those observations and lesson plans allowed the researchers to build on tacit knowledge, and were analyzed consistently by using established criteria. 
Analysis of the Data 
Based on the surveys and the interviews, three cases were developed. 
Case #1: Ms. Hill 
Being a sixth grade teacher Ms. Hill has been teaching reading, mathematics and science. None of her students were English as a second language learners, and none had individualized education plans. She never had a mentor but has been observed by her principal and assistant principal a few times. Being a participant of the research study she was observed by the researchers several times. 
Ms. Hill is a devoted and enthusiastic educator. Her class presentations are colorful and animated. She is creative and artful with her students, who have a great respect and affection for her. Ms. Hill is a truly reflective practitioner who is continuously seeking for better ways in teaching. She described her belief system in the following statement, 
" My beliefs and assumptions about student learning and effective teaching have been continually evolving and growing over the years. I continue to believe that all students can learn and achieve when challenged and given the variety of opportunities they may need. I've learned to make fewer assumptions. Effective teaching has grown to incorporate a larger and larger "bank" of ideas, approaches, and overall teaching strategies, and more experiences for students that allow them to make connections, draw conclusions, and discover." 
Ms. Hill acknowledged that when shaping her lessons with the FSLP strategy she began to think more often about connections among mathematics concepts. It was not easy for her to change the way she taught in the past. In the written questionnaire, she strongly agreed that her teaching would have been better if she had had better content knowledge and better knowledge in lesson planning. Because of her ability to critically analyze her professional actions, and her willingness to change, she continued practicing the FSLP. The period of commitment and awareness (Hall & Loucks, 1977) was quite short for her because of her openness to new ideas. 
As Hall and Loucks (1977) suggested, a routine pattern of use was established. Being a perceptive and keen learner, Ms. Hill gradually came to an appreciation of the FSLP. She said, "it become easier with practice". 
The most difficult stage of planning for Ms. Hill was the fourth stage, Mental Mathematics. "Mental math has never been a component of my lessons," wrote Ms. Hill. Understanding the challenge, she noted that she was "lacking full understanding and knowledge of some concepts," which made "it difficult to break down the new concepts to plan the mental math." She admitted that she had a difficult time grasping the "flow chart" of the concepts, i.e. the development of the concept, the prerequisite concepts and/or the sub-concepts that constitute the "big" concept. She admitted that, "mental math requires lots of thought." She continued, "Sometimes I feel I'm dissecting the concepts. It puts me in the students' shoes, helps me to see where their thinking stands and helps to prevent my assuming [Ms. Hill's underlining] they remember something." 
When Ms. Hill compared her experience in planning lessons before she learned the FSLP strategy and her current experience, she wrote, 
"Formal lesson plans have not been required during my 13 years of teaching... With this or any informal planning, mental math was never a component, although I used a warm-up or problem of the day. Its purpose was to mainly settle the students as they entered the room and reinforce a previously taught skill/concept. It was usually an isolated brief task rather than an integral part of the lesson. Its purpose was not to develop mathematical thinking skills. Therefore, I would often come up with this warm-up/problem of the day at the last minute and without any real planning. Incorporating mental math makes students form connections, see and understand these connections, and think. It allows me to see what might need further reinforcement and with whom, and forces me to make connections." 
At the very beginning of her implementation of the FSLP strategy, while she understood the importance of the strategy and admitted that it was very helpful, she did not consistently incorporate the strategy, because she did not fully understand that the sequence in planning is the key. She was trying to focus on mental mathematics and "dissecting the concepts" but did not follow "religiously," the sequence of the steps while planning. 
She admitted that the homework planning stage, which followed after formulating objectives and preceded the mental math activities and the class activities was very new and unusual idea for her. Later on, she acknowledged that planning homework according to the FSLP and solving the homework problems, the teacher is able to obtain a direct experience of having the "difficulty with the homework." Solving the homework problems helped her make educational predictions of what kind of complications or confusions the students may have when encountering the homework problems. "They might not connect some ideas or concepts on their own, or may apply an old rule to a new situation", said Ms. Hill. The source of the difficulty must be analyzed by "dissecting the problem" and working out each step through mental math activities. 
Ms. Hill acknowledged that she understood the value of the mental mathematics component, and she has become a proponent and supporter of the strategy, which helped her to improve her students' math knowledge. 
During the interview, Ms. Hill shared her new experience as a teacher of other teachers. She described her conversation with another teacher who was not particularly interested in teaching mathematics, and had a hard time teaching divisibility rules and division algorithm. "..that caused her to ask [Ms. Hill] a couple of questions and got [them] us talking about it. I'm telling her about the mental math and she was very open to listening to it." Ms. Hill shared how she demonstrated to the teacher why to use the place value concept while teaching division and how to make sure that "you're realizing that all the prerequisite skills that they have to have in order to be able to go to the standard algorithm." At the end of the year of the study Ms. Hill achieved the state of integration (Hall & Loucks, 1977) in which she combined her own efforts to use the FSLP with related activities of colleagues to achieve a collective impact on the students. 
Case #2: Ms. Ferry 
In Ms. Ferry's seventh grade classes, eight percent of her students were English as a second language learners and twentyone percent had individualized education plans. 
Ms. Ferry agreed that her teaching would have been better if she had had better knowledge of lesson planning, wider knowledge of how to teach different topics, and how to assign and review homework. She stated that before that [FSLP] she was "struggling a lot with the lesson planning." She ascribed her difficulty in planning to her lack of experience, and acknowledged that she was not always successful in her teaching. 
When comparing her lesson planning before she was introduced to the FSLP strategy with her new experience she said, 
"My first strategy, the way I used to do it, was awful. They [students] would come in, I would just go over the homework and then we would get on with the new lesson, so there was really no review to what they were doing prior. They were having trouble with decimals, you would stop and then you would get off the track of what you were doing and now do decimals." Further she wrote, "Four Stages of Lesson Planning is definitely better than my prior strategies, which was no actual planning but using the text book... Four Stages of Lesson Planning walks the students through the lesson and the students feel successful." 
In her written survey and during the interview she emphasized that her students' success is very important for her, and that she believes that all [students] can learn. She was convinced that to proceed with "baby steps" is "too elementary" for the students. She explained that she did not consider it necessary to analyze the concepts and she made wrong assumptions, similar to Ms. Hill, that if she taught the topic, the students must know it and must demonstrate the appropriate skills. 
Ms. Ferry stated that her beliefs and assumptions about how students learn and what effective teaching means has changed because of her new experience with the FSLP strategy. She indicated that she has learned that when teaching a new topic she "must start out with identification of students' prior knowledge." She admitted that understanding of the importance of teaching from concrete to abstract, using model and words first and symbols later on, was very important step for her. "I also have learned that students can be successful when the topic is taught using models first. I agree when students are taught using symbolic representations first, most students get confused." 
Ms. Ferry is a conscientious teacher who takes her responsibilities seriously, and she puts all her efforts toward facilitating student learning. Over the time of the study she demonstrated a substantial change in her teaching. She said that she immediately accepted the concept of the FSLP because she saw "many benefits." Ms. Ferry is an individual who values organization and order, and she felt very comfortable with the structure that the FSLP strategy offered to her. She was struggling with some sort of disorganization in her planning that was disturbing, discouraging and distracting to her. When she learned about the FSLP, she found a new confidence in her teaching, "Because the lesson was really written well, I can perform it well so that they [the students] can understand it well." 
Ms. Ferry noticed that mental mathematics was, in some way, a challenge for her. The mathematics background allowed Ms. Ferry to meet the challenge and to overcome the problem. Often teachers' lack of content knowledge causes difficulty when they plan mental mathematics activities. Planning mental mathematics activities requires a wide and solid knowledge in the structure of a concept, and the ability to scaffold the concept and form a hierarchy of sub concepts. Task analysis, while very important, is quite a complex exercise for those whose content knowledge is not developed adequately. Other studies support this conclusion (Brophy, 1991). 
Ms. Ferry's lesson plans improved over the course of her participation in the project. She was able to effectively plan mental mathematics activities by scaffolding and breaking down the concepts into sub-concepts, and to present them in a coherent form. 
Case #3: Mr Rogers 
Mr. Rogers is a novice teacher. In his class, twenty-eight percent of the students had an individualized education plan. 
Mr. Rogers was introduced to the FSLP strategy during his first year as a full-time mathematics teacher at the middle school. He readily accepted the FSLP strategy, and since has exercised it and fully incorporated it into his teaching style. In the questionnaire he wrote that, "At first I thought I was going to teach like a drill instructor. Do this, and this, and this...Now, I think I have to plan and teach reasonably." He continued, "The only type of math planning that I do is the Four Stages." Mr. Rogers indicated that he had fully integrated in his knowledge and practices stating objectives, questioning using wait time and assigning and reviewing homework. He admitted that he strives to make connections with real world situations and uses multiple representations of mathematics concepts, as well as identifies and works on students' misconceptions. 
He wrote that when he was a substitute teacher he always used the teacher's edition of the textbook, never developed a logical sequence of his lessons and never planned his lessons in advance. Having the FSLP strategy as a planning tool, he rarely references the teacher's edition, but develops a logical sequence to his lessons, and always creates a written lesson plan. 
During the interview, Mr. Rogers said that at first, thinking about homework at such an early stage of planning "seems backwards, but you realize that this becomes the right thing to do because when you plan the homework, you are going to teach the things that the students need to know, you are going to show the students the steps that the students need to know during the lesson, so they will be able to succeed and reinforce the homework at night. 
Reflecting on what stage of planning is of particular difficulty, Mr. Rogers said, "I can't say that one step of the Four Stages is specifically harder than the others. It depends on what kind of lesson it is. Sometimes, especially as a new teacher, I had trouble putting objectives into words." He explained that he had not yet developed a correct pedagogical vocabulary. He realized that he had to learn how "to think about the lesson from the seventh grader's perspective. What was the seventh grader going to do? What did the seventh grader have to learn?" He asserted that the more he practiced lesson planning the more he understood the teaching process, "More practice, more times through, you have more things to draw from." 
Mr. Rogers has been employed at the school district, which serves a population that historically has lacked access to equal opportunities for advanced learning and career advancement. In his school 53% of students are minorities, more than half of them are English as a second language learners and about 78% of students have free or reduced lunch. Mr. Rogers was trying to accommodate his teaching to a very diverse and constantly changing population of students in his classes. He speculated, 
"...not all students are the same. I have a lot of special education students in my classroom... If I can show the special education student how to develop a concept, every other kid in the room is going to get it too from that discussion or that activity that was geared to that kind of student. I guess one of the problems is reaching the many different levels in my classroom. A lot of times, I might have eight special ed students in my classroom of 24 or 25 and that's a realistic number. And sometimes you have some very advanced kids, and then there are the kids that are in the middle of the road and you want to reach all of them." 
Mr. Rogers stated that because he developed written lesson plans carefully it helped him to reach the objectives he selected. He described the strategy he used, which helped him to properly manage the class time, 
"If a teacher plans and takes the time to have a division problem prepared, the teacher may not spend three or four or five minutes just doing a division problem, it can be on the board, or on the overhead projector or in a handout in which the students can compare their work with the teacher's work and ahead of time, you don't have to waste a lot of time on that when only two students may be interested, where the other population is ready to move on to the next task. So by planning, you absolutely do a better job. When you don't plan and try to wing it that the kids lose and nothing gets accomplished." 
Mr. Rogers discussed how mental mathematics activities stimulated student thinking and "lead into the lesson." He said, "For example, if you are going to talk about the sum of two complementary angles, you might have some mental math problems that add to 90 before you talk about the complementary angles. One thing builds on another. It's a bridge. Yes, the students might be expected to do some such work or some type of problem by the end of the hour, but you need to lead them, you have to show them the steps, break it down to steps and give them connections to where they need to go." 
Reaching the students' "higher order thinking" is one of the major goals Mr. Rogers advances. "I have to reach the higher levels of thinking. And by organizing, you are going to have a plan to take care of, to reach these goals." Being mathematics and science teacher he is trying to relate the subjects. "We did an activity on acceleration, and we averaged the data... and you are synthesizing what you have in math... You're not going to have a kid come up and have an a-ha experience without planning the steps to get there. They are not going to just come up with it on their own. But with planning, you are tying students' experience with the ideas of the lesson." Mr. Rogers speculated about managing classroom time when planning a lesson, "...idle time is going to ruin the situation. If they are idle, they are not going to listen, they are going to get into trouble. "Yes, if you don't plan, you are going to get something that is going to take you off track for a half an hour. There is always going to be a mysterious, something that consumes your time in the course of your class." 
He concluded that "Because you plan all of the steps, there is a progression that makes sense to the students, and to the teacher." 
Mr. Rogers' lesson plans were consistently the best that were submitted during the course of the project. Formulating objectives and connecting them to the homework, and focusing on formative assessment were the distinguish characteristics of his planning and instruction. 
Cross-Case Analysis 
There were obviously individual differences between the teachers, such as educational beliefs and attitudes, cognitive styles, total years of teaching experience, the level of their content knowledge, and pre-service training. However, being cognizant of what constitutes good teaching, the three teachers in this study were striving for better ways of educating children. All three teachers admitted that the sequence of the FSLP strategy was unusual for them. Before they were introduced to the FSLP strategy the process of their lesson planning was unstructured and not focused on any particular succession of moves during pre-action decision making. 
Both Ms. Hill and Ms. Ferry noted that planning mental mathematics activities was a challenge. However, it was less challenge for Mr. Rogers. His mathematical content knowledge was strong, and enabled him to "dissect the concepts" into sub-concepts and skills. He could easily see and establish connections among concepts and sub-concepts and provide students with coherent instruction. Ms. Ferry, when she understood the rationale and the value of the mental mathematics activities, was able to effectively design them. Ms. Hill immediately appreciated the merits of the mental mathematics because of her developed sense of pedagogy and experience, but she struggled yet with the design of the problems still experiencing lack in content knowledge. The common hurdle for Ms. Ferry and Ms. Hill was breaking down a whole concept into parts and relating these parts to the whole in a way that the students' mind can grasp and manipulate. 
Of particular interest was their new experience with the homework planning. Planning and solving homework problems in advance and connecting them to the formulated objectives, the teachers had better understanding what problems must be selected for classroom activities to provide the students with a frame of reference when the students worked independently while doing their homework. The students were encouraged to find assistance by studying similar problems in their classroom notes. 
All three teachers admitted that careful planning of students' homework had many benefits for both the teachers and the students. They were able to obtain feedback on the students' awareness of the concept studied in the class, and the students were furnished with comments on how to approach the problems. The teachers discovered a new attitude of their students. The students found out that the set of homework problems was not random or spontaneous. They recognized that their teacher had thought over the homework assignment and was aware of troublesome aspects of the assignment. What was of great value to the students, was that the teacher behavior was oriented toward helping them to be successful with their homework assignment. 
All three teachers used different mathematics programs adopted by their schools. The difference in the curricula was never an issue for planning according to the FSLP strategy. The teachers stated that the FSLP strategy is quite straightforward, and can be applied to a variety of mathematics curricula available in common textbooks. The uniform nature of the strategy attracted them because of its versatility and simplicity. 
Conclusion 
Analyzing the data the researchers were looking for major trends and patterns related to the implementation of the Four Stages of Lesson Planning strategy. 
Theoretically, the teachers were aware of and admitted that connections among mathematics concepts, embedded assessment, logical sequence of mathematics presentation are important components of teaching. However, each teacher stated that before the study they were lacking the tool, which would allow them to bring into life all those aspects of advanced instruction. 
The teachers involved in change had been through levels of their perceptions and feelings about the FSLP strategy. The innovation (in this particular project) was a revision of the strategy of planning lessons. In the past, the teachers had used different strategies of lesson planning or, as Ms. Ferry said, there "was no any strategy at all." The revision of their planning methods and the adoption of the FSLP strategy required them to design their instruction in a manner that produced and enriched the students' cognitive structures. 
When thoughtfully constructed by the teachers, lesson plans had many benefits. Lesson plans, as the means by which the teachers can accomplish established objectives, helped the teachers to become effective classroom leaders and facilitators of efficient use of classroom time. 
Well-organized lessons and presentations facilitated students' perceptions of connections among mathematical concepts and major ideas. High quality written lesson plans helped the teachers become effective classroom leaders, facilitators of efficient use of classroom time. 
The students are more likely to respect a teacher who demonstrates stability, concern and capability to predict and solve a pedagogical situation. While thorough planning secures the teacher's position, disorganized and unconcerned teachers, who engage in teaching with minimal thought of the strategy they will use to teach their students, run the risk of demonstrating to the students that learning mathematics is not important and may be accomplished without serious consideration. 
The lesson plans that the teachers developed with the help of the FSLP strategy provided the means by which the teachers accomplished instruction based upon established objectives. The teachers had a better projection on the course of the lessons and the development and progress of students when lessons were well planned using the FSLP strategy. 
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Introduction
By 1988, our group had completed several studies on young students’ understanding of particular concepts before, during and after instruction. These experiences led us to conduct two small scale and several informal teaching experiments based on the idea that the teacher should pose problems to students for which they do not yet have a routine solution method available, and that learning would take place while the students were grappling with the problems. The outcomes of these experiments helped us to develop the following tentative model for learning and teaching mathematics: 
Learning occurs when students grapple with problems for which they have no routine methods. Problems therefore come before the teaching of the solution method. The teacher should not interfere with the students while they are trying to solve the problem, but students are encouraged to compare their methods with each other, discuss the problem, etc. 
In the years since 1988, we have come to realise that this naïve description actually represents an enormously complex series of learning situations. Some of the issues that we were confronted with to research further and resolve as well as we could, were:
The role of the teacher. To what extent should the teacher be part of the problem solving process? Keeping in mind that the problem solving process involves mathematical as well as social processes, do different processes demand different types of support and intervention?
The classroom culture. Although the classroom culture includes the didactical contract between teacher and students (their mutual expectations and obligations), it also includes the ways in which the learning situations are physically set up and the rules under which they operate. What did we have to learn about this?
Interaction patterns among students. These interaction patterns depend on the role which the teacher has assumed, the classroom culture and the way in which the teacher sets up learning situations, reflecting her beliefs about how mathematics is learnt. To what extent do different interaction patterns influence learning, and might there be different kinds of interaction patterns for different learning situations (i.e. different kinds of tasks)?
The kind of problem posed. Mathematical tasks or activities come in a variety of guises: investigations, projects, traditional story sums, real-life problems, abstract problems, puzzles, etc. Were all of these suitable for learning through solving problems, or were some more suitable than others?

The mathematical structure of the problem. Would it be a good idea if Grade 1 students worked at addition-type problems for a long time, so as to establish strong understandings of the operation and its solution methods? Would it matter if Grade 1 students never met a proportional sharing problem?
Sustained learning. It might be possible to achieve single, successful learning episodes, or even the satisfactory development of a group of students over a period of weeks, but would such a programme maintain students’ mathematical development over a number of years? The type of response elicited from the student. Should the teacher accept verbal answers and explanations, or should she insist on written explanations, and if so, for what purpose and in what format? Teacher awareness, understanding and co-operation. We knew from experience that many teachers of the lower elementary grades were to some extent aware that young children invented their own methods and, provided they received sufficient information and some continued support, achieved significant success. We were concerned about large-scale implementations which necessarily implied brief training sessions with large groups of teachers.

Informing the larger community. Would we be able to communicate well enough with the larger community (parents and other members of the public, pre-school, elementary and high school teachers and lecturers at local colleges and universities, and remedial teachers and educational psychologists) so that these different groupings could understand and identify with our basic principles and appreciate the quality of the mathematics that students were doing?

Theoretical base
Our present theoretical base can be described as follows:
Contrary to an empiricist view of teaching as the transmission of knowledge and learning as the absorption of knowledge, research indicates that students construct their own mathematical knowledge irrespective of how they are taught. Cobb, Yackel and Wood (1992) state: “… we contend that students must necessarily construct their mathematical ways of knowing in any instructional setting whatsoever, including that of traditional direct instruction,” and “The central issue is not whether students are constructing, but the nature or quality of those constructions” (p. 28).
A problem-centred learning approach to mathematics teaching (e.g. Cobb, Wood, Yackel, Nicholls, Wheatley, Trigatti & Perlwitz, 1991; Olivier, Murray & Human, 1990) is based on the acceptance that students construct their own knowledge and therefore attempts to establish individual and social procedures to monitor and improve the nature and quality of those constructions. We hold the view that the construction of mathematical knowledge is firstly an individual and secondly a social activity, described as follows by Ernest (1991):
a) “The basis of mathematical knowledge is linguistic knowledge, conventions and rules, and language is a social construction.
b) Interpersonal social processes are required to turn an individual's subjective mathematical knowledge, after publication, into accepted objective mathematical knowledge.
c) Objectivity itself will be understood to be social.” (p. 42, our italics.) Social interaction serves at least the following purposes in problem-centred  classrooms:
· Social interaction creates opportunities for students to talk about their thinking, and this talk encourages reflection. “From the constructivist point of view, there can be no doubt that reflective ability is a major source of knowledge on all levels of mathematics. To verbalise what one is doing ensures that one is examining it. And it is precisely during such examination of mental operating that insufficiencies, contradictions, or irrelevancies are likely to be spotted.” Also, “… leading students to discuss their view of a problem and their own tentative approaches, raises their self-confidence and provides opportunities for them to reflect and to devise new and perhaps more viable conceptual strategies” (Von Glasersfeld, 1991, p. xviii, xix).
· Through classroom social interaction, the teacher and students construct a consensual domain (Richards, 1991) of taken-to-be-shared mathematical knowledge that both makes possible communication about mathematics and serves to constrain individual students' mathematical activity. In the course of their individual construction of knowledge, students actively participate in the classroom community's negotiation and institutionalisation of mathematical knowledge (Cobb et al, 1991).
Whereas a traditional, transmission-type approach necessarily leads to subjective knowledge which is largely reconstructed objective knowledge, our version of a problem-centred learning approach reflects the belief that subjective knowledge (even if only in young children) should be experienced by the students as personal constructions and not re-constructed objective knowledge. (When we aim at children creating their own knowledge, as opposed to reconstructing existing objective knowledge, we do not imply that children are actually creating knowledge that does not already exist as objective knowledge; we do state that the children in this approach assume that they are creating their knowledge as new.) 
We therefore regard problem-solving as the vehicle for learning. 
It is necessary to distinguish sharply between learning to solve problems and learning through solving problems. Davis (1992) describes the process of learning through solving problems as follows: “Instead of starting with ‘mathematical’ ideas, and then ‘applying’ them, we would start with problems or tasks, and as a result of working on these problems the children would be left with a residue of ‘mathematics’ – we would argue that mathematics is what you have left over after you have worked on problems. We reject the notion of ‘applying’ mathematics, because of the suggestion that you start with mathematics and then look around for ways to use it.” (p. 237). Also: “According to Dewey (1929), these relationships and understandings are what is left after the problem has been resolved” (Hiebert et al, 1996, p. 15). 
However, no matter how well-designed a problem or sequence of problems is, the amount and quality of the learning which takes place depend on the classroom culture and on students’ and teachers’ expectations. “Tasks are inherently neither problematic nor routine. Whether they become problematic depends on how teachers and students treat them.” (Ibid, p. 16). Neither do we imply that learning to solve problems is not important in its own right, nor that routine problems should never be posed. This is discussed again later.
Implementation
In 1988, one of the local Departments of Education made available to us eight schools of their choice as experimental sites, and identified a control school for each of the experimental schools. We conducted a two-day workshop for the Grade 1, 2 and 3 teachers of the experimental schools at the end of 1988, and these teachers started implementing a problem-centred approach at the beginning of the school year in 1989. A small team of three researchers and three subject advisors from the Department of Education supported the process by brief visits to classrooms and short follow-up meetings. 
All the students involved in the project wrote two sets of tests in the course of a school year for evaluation purposes. It was already clear after the first test in August (six months after inception) that there was a marked improvement in both the understanding of word problems and in computational skills (Malan, 1989). 
The Department of Education accordingly requested us to provide in-service training for the teachers of another sixteen schools. In the years that followed, all the elementary schools of the Department from Grade 1 to Grade 6 eventually became involved. The approach also spread to four other Departments of Education. By 1993, the lower elementary grades of more than a thousand schools from five Departments of Education were involved. This very wide implementation was against our advice, because we support an organic model of growth with sufficient teacher support. 
The problem-centred approach was also introduced to the elementary grade teachers of more than 50 special schools (schools for mentally and physically handicapped students). In a small number of these schools teachers have adopted and are using the approach with success. 
In the majority of schools involved, the implementation has petered out in the sixth and seventh grades, partly because in-service training received by the upper elementary teachers was very brief, and partly because the documentation they received was not comparable to the extensive and detailed teachers’ guide, compiled by subject advisors, teachers of the first eight experimental schools and researchers, which the lower elementary teachers received. 
It is important to make clear that the subject advisors and teachers made immense contributions to the development of the approach: We really did approach the original group of teachers with our naïve idea of how learning through problem solving works, but because we were not prescriptive, we could observe how different teachers had made sense of their workshop experiences by initiating different practices in their classrooms. It was our great fortune that we could observe these different practices and their effects on students’ learning over time, enabling us to identify useful and potentially problematic practices. 

Evaluation
All the Departments of Education involved in the project evaluated the approach independently by comparing second, third and fourth grade students’ performance on written tests with the performance of students of the same school in the previous year on similar tests. Two Departments also compared experimental and control schools. The tests included straight calculations and word problems. Students at all grade levels in all the project schools showed marked improvement. When the frequencies of the number of correct answers for a particular test are plotted, the graphs typically show a consistent shift to the right for project students, i.e. more students did well than students in traditional teaching. We give two examples from different schools.
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After six years the Cape Education Department commissioned a large-scale independent evaluation which also yielded positive results (Taylor, Glover, Kriel & Meyer, 1995), as did the James and Tumagole (1994) and Newstead (1996, 1997) evaluations. 
De Wet’s study (1994) found that fourth grade remedial students in a problemcentred approach progressed better than a matched group in a traditional approach (compare Thornton, Langrall & Jones, 1997).
Concerns from the larger community
The fears, accusations and arguments of the “California Math Wars” are very similar to those that arose a few years ago around the problem-centred approach in South Africa, giving rise to heated public debates in the letter columns of newspapers and magazines. These fears and objections have at least two distinct sources (there are more). Firstly, different views about what mathematics is and what is mathematically valuable; how children learn mathematics; and what our version of a problem centred approach entails. Secondly, very real concerns about the implementation of an innovative approach for which teachers may not have the necessary mathematical and didactical knowledge and skills, and for which there may be a shortage of appropriate materials. Here are some examples of specific questions:
· How and when will students learn to perform the basic operations? (Implying that if the students do not learn the standard vertical algorithms, they have not learnt “the operations” for whole number arithmetic.)
· How will students learn their bonds (number facts) and multiplication tables if there is no drilling and memorisation?
· If students cannot do long division, how will they do algebraic division?
· What about the weaker student? Weak students cannot construct their own methods, they need to be shown.
· Communication plays an important part in this approach. What about students who receive instruction in a second language?
These problems will be discussed later.

Research results
The wide “forced” implementation of the approach within a relatively short time led to teachers receiving some quite divergent messages during and after their in-service training. Although this by itself is unfortunate, and caused uncertainty among teachers and parents, it did enable us as researchers to identify the crucial elements of the approach, and to research the reasons for less effective implementations. We have also been able to chart the development of young students’ number concept and multiplication and division strategies, their initial conceptions of fractions and division, and social interaction patterns which lead to improved learning. These results have been described in nine PME papers from 1989 to 1996. 
A long-term study is of value in at least three respects: It provides information on the long-term effects of specific interventions on students’ learning, it makes possible the identification of unforeseen gains in conceptual development and understanding of the properties of numbers and operations, and it provides information on teacher development (Murray, Olivier & Human, 1995). 
We now describe some issues which have emerged over the years. Some of these issues enabled us to clarify and refine our ideas on learning environments and the design of material which sustains development; other issues, notably establishing the link between arithmetic and algebra, are not yet resolved.
The social component of the learning environment
The role of the teacher. In the effort to help teachers make the paradigm shift from believing themselves to be the sources of knowledge and their main responsibility to transmit knowledge, towards accepting that students construct their own knowledge, we initially gave some teachers the impression that teachers should involve themselves as little as possible in the learning process. Later on, when some teacher groups received very sketchy in-service training, this impression was wide-spread and caused concern in the community. 
It is necessary to clarify the role of the teacher in a problem-centred approach very thoroughly. We find Piaget’s classification of mathematical knowledge as physical, social and logico-mathematical knowledge (Kamii, 1985) to be of great use in this respect. Teachers then realise that they have to provide the necessary information (social knowledge) for students to understand the problem, to communicate with each other and to capture their thoughts on paper in a generally acceptable (intelligible) way. They also have to show students how to use tools like measuring instruments and calculators, and they have to lay down (or negotiate with students) the social norms which govern interaction and general classroom behaviour. 
It is only when student activity is mainly focused on the construction of logicomathematical knowledge that the teacher should not interfere, except to monitor the social procedures and social needs.

The classroom culture. We suggest very tentatively that in the lower elementary grades at least, the classroom culture and the quality of students’ interactions when solving problems have a greater influence on the students’ mathematical constructions than the facilitatory skills of the teacher during discussions (Murray, Olivier & Human, 1993). We have not had the opportunity to research this further, but if the hypothesis holds, it has important implications for the general viability of an inquiry-based problemsolving approach. Many experiments and projects reported on internationally which use similar approaches leave the impression that the teacher involved has well-developed mathematical knowledge and didactical skills. Such reports serve as good examples of delicate and suitable teacher interventions, but most of our teachers, even the supposedly well-trained ones, do not possess similar skills.
Interaction patterns among students. Since this topic has received much attention during the past few years from researchers on a descriptive as well as a theoretical level, we mention only the contentious (but we perceive possibly very contentious) idea that we hold on this issue, and that is the need for grouping students into likeability groups or allowing them to group themselves in such a way for tasks that are mainly focused on the construction of logico-mathematical knowledge (Murray, Olivier & Human, 1993). This must immediately be qualified as follows:
· The streaming or tracking of students into different lower-, middle- and upper-ability classes is not implied.
· Rigid groupings that are maintained for all kinds of mathematical tasks is not implied. 
Using Piaget’s classification of different kinds of mathematical knowledge as a guide, we propose that the acquisition of mainly physical and social knowledge is probably eased by co-operating with more knowledgeable peers or with the teacher (Vygotsky, 1978, p. 86). Logico-mathematical knowledge, however, needs to be constructed where the student’s thinking space is not invaded by more advanced ideas, as happens when weaker or slower thinkers are physically near faster thinkers. 
We therefore propose that for student interaction, the kind of mathematical knowledge that has to be constructed and the kind of task (e.g. routine/problematic/ measuring/constructing) should guide possible groupings, as well as the physical facilities available. We have found that where students know what is expected of them, they are able to choose suitable partners.
The problem or task component of the learning environment
The kind of problem posed. Although in no way denigrating the role that investigations and projects can play in students’ mathematical development, we base our learning trajectories on “problems” which present sufficiently clear structures for students to respond to. (Such problems need not have only one answer, but frequently attempt to elicit controversy as to the “best” answer.) Such “problems” may have realistic, abstract or imaginary contexts, although we tend to avoid contrived situations. This is later discussed more fully. In the discussion that follows, “problems” therefore mean problems and not, for example, projects or investigations. 
Such problems include situations where the development of basic skills are directly addressed, not through drill or memorisation, but by turning them into problematic situations (Hiebert, et al, 1996) and at a meta-level, discussing ways of mastering these facts through relationships and patterns. (For example, how many different ways are there to make 7 + 8 easier to calculate?)
The mathematical structures of the problems. The mathematical structures of the problems posed are important for a variety of reasons. Problems cannot be posed simply because they are good or seem interesting – the choice of problems should be based on thorough content analysis and a good understanding of how students develop concepts and misconceptions. 
Problems also have different functions, or are used for different purposes, for example:
· Some problems are more suitable than others for initially establishing an inquiry type classroom culture
· Problems may be used to introduce students to a valid problem area (e.g. calculus), so that analysis of the problem and reflection on its structure may in this case be more important than solving the problem 
· In general, when students solve problems, they should be provided with opportunities to actualise existing (but not yet explicit) knowledge and intuitions; to make inventions; to make sense and assign meanings; and to interact mathematically. 
Our views on suitable problems and on learning sequences were originally based on the thinking of some Dutch researchers, and developed further during our classroom research and observations.
The Van Hiele levels. Pierre-Marie and Dina van Hiele suggest that students should first be immersed in activities involving new concepts which they engage in informally, using whatever insights or skills they have available. “The aim is to acquire a rich collection of intuitive notions in which the essential aspects of concepts and structures are pre-formed. This, then, is laying the basis for concept formation.” (Treffers, 1987, p. 248). The teacher gradually introduces more generally acceptable terminology and more rigorous reasoning processes as the students become able to give meaning to these. The Van Hieles describe the next level as having constituted the ground level concepts as abstract entities, related to other advanced entities (Van Hiele, 1973).
Progressive schematisation. Although the problem posed may remain similar over a period of time, the students’ solution strategies should develop towards more numerically-aware, more advanced strategies (Treffers, 1987, p. 200). 
The Van Hiele levels and the idea of progressive schematisation can and are interpreted in different ways. 
Paul Ernest mentions “accepted objective mathematical knowledge” (Ernest, 1991, p. 42). But to what extent does the “accepted, objective” knowledge influence the learning trajectories of young children through the first Van Hiele level and along the path of progressive schematisation? In other words, what is perceived to be the desired objective mathematical knowledge for young children? We contend that this question is in fact one of the crucial points the mathematics education community should be debating: Where do our learning trajectories lead? The endpoint of each trajectory depends on a value judgement, and the learning trajectory for each topic may have a different goal. For example, some well-documented learning trajectories close towards specific algorithms or notations (e.g. Treffers, 1987, pp. 200–209). 
Why? 
The answer to this question lies in our perspectives on what mathematics is, what it is used for (the needs of society) and why children have to study mathematics. For example, a learning trajectory may end with a particular algorithm or conceptualisation. What was the aim of the trajectory – the (objectively substantiated) need for the particular algorithm, or the learning and development of general concepts or theorems (theorems in action) which occurred in the process? This depends on the topic, on the associated algorithms and techniques of the topic, and on the utilitarian value or societal value attached to these algorithms and techniques. 
For example, should a learning trajectory for the addition of whole numbers end in the vertical addition algorithm? This is debatable. We believe, for example, that the knowledge of properties of numbers and operations, and the flexible number sense, shown by Orlando’s (Grade 5) solution method for 784 ÷ 16, are more to be valued than the application of a (socially acceptable) version of a long division algorithm:
1600 × 100 1600 ÷ 2 800 16 784
		100 	50 	49
Answer: 49.
On the other hand, should a learning trajectory for calculating areas at Grade 6 or 7 level end with students’ knowing (and understanding) the formula for the area of a circle? Most decidedly! 
Learning trajectories can also start in different ways. It now seems to be generally accepted that the Van Hiele first level experiences need not be concrete and need not be real-world problems either, but may be any experiences or tasks which make sense to the particular group of students, and which they are able to identify with and problematise. We go further than this. 
We believe that, where possible, these ground level experiences should be authentic in the sense that they represent situations of which the ideas or concepts we wish to develop are natural parts. We therefore find it useful to reflect on the situations or problems which initially gave rise to the development of the mathematical tool or concept (the genetic principle, e.g. Klein, 1924) and seldom make use of contrived situations, although we admit that in a way almost all school problems are contrived. 
For example, in our earlier research on young children’s understanding of directed numbers and operations with directed numbers, the children themselves used patterns, analogies with the natural numbers and logical reasoning to make sense of this novel environment, and showed confusion when they were confronted with contexts like debt to give meaning to directed numbers, even though they understood the idea of debt itself (Murray, 1984; Malan, 1987; Hugo, 1987). Not debt, but mathematics, created the need for directed numbers. Likewise, when our students learn to count and calculate, they do so in contexts which suggest the original situations where the need for counting and calculating arose. There is therefore limited use of pre-structured counting materials, and the problem-solving situations cover a deliberate mix of problem structures. 
Furthermore, we have ample evidence that if the Van Hiele ground level experiences are aimed at developing understandings of specific cases, or mathematically streamlined situations, limiting constructions form very quickly. Studying special or easy cases first does not make the development of concepts and skills easier; it merely hampers understanding. 
Limiting constructions. This is a phrase used by D’Ambrosio and Mewborn (1994) to denote the type of misconceptions which arise through limited exposure to a concept or through experiences of a particular (limited) kind. For example, the idea that “multiplication makes bigger” is viable in whole number arithmetic, but severely hampers students when they have to perform operations involving fractions. 
There were some teaching practices in our traditional lower elementary classrooms that we knew about, but did not address in our initial in-service training sessions, because we were not yet aware of the severe impact they would have in the long run. 
Teachers did not pose a wide variety of problem types (for example, they tended to favour division problems of the sharing type and neglected grouping problems). They tended to “block” the four basic operations by starting off the school year with three months’ addition, followed by three months’ subtraction, then multiplication and then division. When teaching addition, they first dealt with the special cases where no “carrying” of a ten from the units to the tens is necessary, and no “borrowing” of a ten is necessary. Finally, many of their number concept development activities highlighted only the tens-structure of the decimal number system. 
What happened was that students developed strong, stable methods for addition based on decimal decomposition of the numbers involved. 
For example, for 27 + 35, the most popular methods constructed were
20 + 30 50 + 7 57 + 5 62
or 20 + 30 = 50; 7 + 5 = 12; 50 + 12 = 62
In analogy with this, the following division method might then be constructed to
calculate 79 ÷ 13:
70 ÷ 10 = 7
9 ÷ 3 = 3
7 + 3 = 10
i.e. decimal decomposition, and “combining” tens-parts with tens-parts and units-parts with units-parts.
We therefore realised that a learning trajectory for whole number arithmetic required that problem types be mixed, not blocked, that the special (“easy”) cases of adding and subtracting are not presented first, and that number concept activities and problem situations emphasise multiples and factors, and not only decimal decomposition. These practices had immediate and long-term positive effects on students’ number sense, estimation abilities and especially on their construction of powerful multiplication and division strategies (Murray, Olivier and Human, 1994). 
We have also reported on the limiting constructions about common fractions that third graders had built up as a result of teaching as opposed to first graders in the same school (Murray, Olivier & Human, 1996). Similarly, we observe that ninth graders who have studied linear functions and linear graphs for 18 months to the exclusion of all other functions, find even the idea of any other type of graph difficult to accept.
The role of time in the development of concepts. It has been possible for us to trace the development of groups of students and in some cases of individual students over periods of time of various lengths, i.e. a single lesson (of about 35 minutes), a set of three lessons, several weeks, several months and for one school, six years. Our data show clearly that many (if not the majority) of students who seem to be mathematically weaker or slower than others can and do construct powerful mathematical concepts and generalisations provided the integrity of their thinking is preserved (i.e. somebody doesn’t decide they need help and start demonstrating methods to them), the tasks they are presented with remain challenging and are not made easier, and the inquiry nature of the mathematics classroom is maintained. Our description of the development of division strategies in a third-grade classroom clearly illustrates this (Murray, Olivier & Human, 1992). 
Lower elementary grade teachers have found our model of number development (Murray & Olivier, 1989) of much practical use because it sensitised them to the fact that at different points in time students are at different levels of conceptual development and should not be forced to function at levels of abstraction which they have not (yet) reached, but which they will reach, given time. 
In fact, our informal observation is that students with a weaker number sense show great ingenuity and understanding of the properties of whole numbers and their operations by their (the students’) use of theorems in action to make a calculation easier. For example, Niel (Grade 3) calculates 470 × 7 as follows:
10 × 470 4700 ÷ 2 2350 + 940 3290
	10 	5 	2 	7
Claire-Anne (Grade 5) calculates 27 × 35:
27 × 10 = 270
27 × 10 = 270
27 × 10 = 270
27 × 5 = 270 ÷ 2 = 135
270 + 270 + 270 + 135 = 945
(Both of these students are obviously already at what we describe as level 3 number concept, but it is important to realise that level 3 methods are not invented if students are not confronted with numbers big enough to create the need for these methods. However, the teacher cannot force or demonstrate such methods; students produce them when they are able to do so.)
Anticipatory transformations. The above two examples clearly illustrate the ability of students to transform a given task into equivalent sub-tasks that they know they can manage. The essential nature of any non-counting computational algorithm is that it is a set of rules for transforming a calculation into a set of easier calculations the answers of which are already known or can easily be obtained. This process of changing the task to an equivalent but easier task involves three distinguishable sub-processes, illustrated here with reference to a procedure to calculate 17 × 28 (Murray, Olivier & Human, 1994):
· Transformation of the numbers to more convenient numbers, e.g.
28 = 30 2
The ability to transform numbers in this way depends on the student’s number concept development.
· Transformation of the given computational task to a series of easier tasks, e.g.
17 × 28 = 17 × 30 17 × 2
The ability to transform the task to an equivalent task depends on the student’s awareness of certain properties of operations or theorems-in-action (here the distributive property of multiplication over subtraction). 
· Calculation of the parts, e.g.
17 × 28 = 17 × 30 17 × 2
= 510 −34
= 476
When a Grade 3 student solves the problem “Find half of 237” as follows, he has clearly chosen to decompose 237 into numbers that he anticipates he can halve:


	237 	100 	100
		15 	15
		3 	3
		½ 	½ 	answer: 118½
The anticipatory transformations may not always be appropriate for a variety of reasons. They may still prove to be too difficult, or upon reflection, uneconomical and tedious. In the following example Marianne (Grade 3) underestimated her abilities and adjusted her transformations to a more sophisticated level.
Trying to solve 338 ÷ 13, she starts off by subtracting thirteens, then writes down “this will take too long” and switches to multiplying and doubling:
130 × 10 130 + 130 260 + 52 312 + 26 338
		10 	20 	4 	2 	26
answer: 26
The type of response elicited from the student. Davis (1992) rightly states: “Mathematics sometimes employs written notations of various sorts, but these symbols are not the mathematics itself, any more than lines drawn on a map are actual rivers and highways” (p. 255). Yet we have found access to appropriate notations to be crucial to young students’ mathematical development. Social interaction and effective communication are essential to the approach and access to appropriate notations to capture methods so as to share them with others is a part of this. The ability to capture thought on paper is essential for individual reflection and analysis. In traditional mathematics classrooms at the elementary level, students have had no appropriate tools at hand to express (or capture) their thinking in writing. What they had available was a number sentence to be used in a prescribed format, and computational algorithms to be presented in prescribed formats. In such a situation Davis’ stricture holds completely.
If, however, we make available notational tools which students can match to their thinking processes, they find it an important aid to individual as well as social construction of knowledge (Skemp, 1989, p. 103). 
In mathematics, recording has different functions. It eases communication and serves as a thinking aid for the individual. Written explications which aim at proving something or convincing others also need to measure up to standards which are not applicable when the individual is simply trying to solve the problem. 
For these reasons, the arrow notation, which can be used when the equal to sign would be incorrect, was introduced, and even in the lower grades students are required to record their thinking clearly and logically enough so that others can also follow it. It was found that recording skills take time to develop, and if teachers simply accept verbal explanations in the lower grades, some students experience serious problems from the fourth grade onwards, when they need a written record as a personal thinking aid and then do not know how to express themselves.
Answering the community
Community fears which are based on a lack of knowledge about the approach should of course be addressed by trying to provide the community with the necessary information. During the period when only a few schools were involved, information sessions with parents were very successful. As the number of schools involved increased, and teacher in-service training became sketchy, parents became increasingly badly-informed. A very small group of university lecturers in pure mathematics was (and remains) opposed to the approach. We understand their opposition to be rooted in an unawareness about the substantial international and local results available on the effects of the traditional teaching practices on students’ thinking, the changed aims of mathematics education caused by the demands of a radically changed society and workplace, and the need for mathematics and mathematically related skills to be made accessible to the whole community. 
Concerns that students who receive instruction through the medium of a second language are at a disadvantage in an approach where communication plays an important part are very valid. Yet the alternative seems to be a classroom where more time is spent on context-free mathematics and mainly teacher-directed explanations and examples. Would this be better? 
In the environment of the handicapped with moderate to severe language problems, teachers have told us that it is necessary to stimulate children to listen and to try to communicate while they are doing mathematics. Simply trying to teach them arithmetic divorced from word problems does not equip them to handle everyday problems. Goodstein, himself deaf, strongly supports this view (Goodstein, 1992). 
Also, one of the third-grade classrooms that we described (Murray, Olivier & Human, 1993), consisted of 32 students with ten different home languages. The majority of these students had a very poor command of English (the medium of instruction), yet the teacher was able to establish one of the best implementations of the problem-centred approach we have been able to document, and the students’ mathematical development was very good. 
However, the language issue remains serious and should be researched and debated further. 
It is, however, very possible that a problem-centred approach to learning mathematics may not succeed if firstly, the problems posed are not chosen for their mathematical structures and the sequence in which they are posed is not wellplanned (we have discussed this, with special reference to the prevention of limiting constructions). 
Secondly, activities which are aimed at the development of routine skills should not be neglected. It is important, for example, that a flexible and wide-ranging knowledge of the multiplication tables be developed in the elementary grades, not by memorising the tables, which is an extremely inefficient way, but through encouraging students to use relationships and patterns. (Niel and Claire-Anne for example, showed flexible number knowledge.)
Thys (Grade 4) solved 711 ÷ 9 mentally, explaining as follows: “720 take away 9 is 711. So the answer is not 80, it is 79.”
Schoenfeld (1994) states: “Some such skills are important for students, if only because not to be fluent at them means that one’s clumsiness at them will get in the way when one needs to see past them” (p. 60). The following comment by Askey (1997) was obtained from the Internet: “Then NCTM tried Agenda for Action and later the Standards. Both of these were built on the idea that if you could solve problems, then you could do mathematics. You can, but at too low a level. All three are needed – problems, technique and structure.”
To summarise, we think it unlikely that a problem-solving approach will be effective if:
· Progressive schematization is not encouraged, either through discussion or by the teacher posing the problem in such a way that more exact or more abstract responses are required even, and especially, for supposedly weaker students.
· The necessary important content is not covered.
· Useful mathematical techniques are not developed and sufficiently practised.
· Classes of problems do not achieve coherence (e.g. the function concept, algebra, statistics), so that the associated concepts and relationships cannot be constituted at an abstract level.
In conclusion
· The problem-centred approach in the lower elementary grades is based on an oversimplified model called the three pillars:
· well-planned number concept activities, including activities which promote the building of patterns and relationships
· well-planned problems
· effective discussion
Neglect of any of these “pillars” shows in students’ behaviour or understanding, even only after a few months.
Hiebert et al (1997) identify five critical features of the very similar approach to the teaching and learning of mathematics they describe, and then go on to say: “The essential features are intertwined and work together to create classrooms for understanding. They define a system of instruction rather than a series of individual components. It makes little sense to introduce a few of the features and ignore the rest; their benefits come from working together as a coherent, integrated system.” (Hiebert et al, 1997, p. 172). 
Initiating and sustaining mathematical development through posing problems that students have to work on has been found to be a successful way of learning mathematics, but only if the problems are well-designed and well-sequenced, and the classroom culture in its full complexity supports learning.
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Bar chart A
January	February	March	April	May	June	26	27	29	34	44	55	number of bikes sold



Bar chart B
January	February	March	April	May	June	26	27	29	34	44	55	number of bikes sold
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